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Abstract. For every compact almost complex manifold (M, J) equipped with 
a J-preserving circle action with isolated fixed points, a simple algebraic iden- 
tity involving the first Chern class is derived. This enables us to construct an 
algorithm to obtain linear relations among the isotropy weights at the fixed 
points. Suppose that M is symplectic and the action is Hamiltonian. If the 
manifold satisfies an extra "positivity condition" this algorithm determines a 
family of vector spaces which contain the admissible lattices of weights. 

When the number of fixed points is minimal, this positivity condition is 
necessarily satisfied whenever dim(M) < 6, and, when dim(M) = 8, whenever 
the S 1 -action extends to an effective Hamiltonian T 2 -action, or none of the 
isotropy weights is 1. Moreover there are no known examples with a mini- 
mal number of fixed points contradicting this condition, and their existence is 
related to interesting questions regarding fake projective spaces jYj- We run 
the algorithm for dim(M) < 8, quickly obtaining all the possible families of 
isotropy weights. In particular, we simplify the proofs of Ahara and Tolman 
for dim(M) = 6 [Ah] |Tl] and, when dim(M) = 8, we prove that the equi- 
variant cohomology ring, Chern classes and isotropy weights agree with the 
ones of CP 4 with the standard S ll -action (thus proving the symplectic Petrie 
conjecture IT1| in this setting). 
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1. Introduction 

Given a compact smooth manifold M and a compact Lie group G Q , it is a 
hard problem to determine whether M admits a G-action, and if it does, how many 
actions it can have. Petrie |P11 IP2) first addressed these questions when G is a torus 
and M is a homotopy complex projective space, meaning that it is homotopically 
equivalent to CP™. When the fixed points are isolated points, he showed that it 
is crucial to understand the torus representations on the normal bundle to these 
points. Indeed, he proved that the Pontrjagin classes are determined by these 
representations and, in particular, when G = T™, these classes agree with the ones 
of CP™. Motivated by this, he conjectured that the same conclusion would hold if 
G were simply S . This conjecture has been proved in many particular situations, 
but the complete proof is still missing. 

Suppose now that (M, J) is a compact almost complex manifold of dimension 
2n, and that S 1 acts on M preserving J with a discrete fixed-point set M s . Then, 
for each Pj £ M s , there is a well defined multiset of integers {wn, . . . ,Wi n }, the 
weights of the S^-representation on Tp t M, which determine this representation. 
Indeed, there is an identification of TpM with C" such that the £ -action on TpM 
is given by 

a - (zi,...,z n ) = (a Wil zi,...,a Win z„). 

In this setting, motivated by the previous discussion, we raise the following question. 

Question 1.1 Let (M, J) be a compact almost complex manifold. What are all the 
possible multisets of integers that can arise as weights of a J-preserving S 1 -act ion 
with isolated fixed points? 

After Petrie, there has been extensive work in this direction (see also |Ah[ IGuZll 
IGuZ21lHa] and more recently [L2l ILTT1 lLL2l IPTl ITT] ) . In particular, let (M,w) be 
a compact symplectic manifold of dimension 2n, and suppose that the S^-action 
is Hamiltonian with a minimal number of fixed points (i.e. \M S | = n + 1). In 
this case, since the set of compatible almost complex structures J : TM — > TM is 
contractible, for each fixed point P the set of weights of the ^-representation on 
T P M and the total Chern class c € PT*(M;Z) do not depend on J. Then in [TT] . 
Tolman proves that the S 1 -representation on PM| MS i completely determines the 
(equivariant) cohomology ring of M and the (equivariant) total Chern class. In the 
case in which \ M S | is not minimal, determining the (equivariant) cohomology ring 
from the fixed point set data is much harder, but it has been investigated in several 
cases (cf. [GT1 iGZl 1ST] ). 

The multiset of weights of the S^-representation on TM| mS i has to satisfy many 
rigid conditions, coming, for example, from localization theorems in equivariant 
cohomology and equivariant A'-theory. However, the type of equations that one gets 
from these techniques are "high-degree" polynomial equations that cannot be 
solved directly. Nevertheless, they can be used to check whether a specific multiset 
of weights is admissible. For example, as a consequence of the ABBV Localization 



In this work we will always assume M to be connected, and the G-action to be smooth and 
effective, i.e. H^^mGx = {e}, where G x = {<? £ G \ g ■ x = x} is the stabilizer subgroup of x £ M. 
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formula |AtBo| IBV] . if the fixed point set M sl is discrete, we obtain 



N i 



• ■•£r jV («Jii, ...,Wi 



cr n (wn, . . . , w in ) 



for all ji H h j,. < n , (1.1) 



where (Tj(a;i, . . . , x n ) denotes the j-th elementary symmetric polynomial inxi, . . . ,x n , 



and N + 1 is the number of fixed points (cf. Section 2.1 ). If the dimension of M is 
"small" , equatio ns (|1-1| c an be still used to find all the possible ^-representations 
on TM| MS i (cf. |Ahl ITlj ). However, as the dimension of M increases and/or the 
number of fixed points gets larger, these equations become really unhandy. 

In this paper we introduce a new approach to the problem and give an explicit 
algorithm that yields powerful linear relations among the weights. The first impor- 
tant result in this direction concerns the Chern number CiC„_i[M]. 

Theorem 1.2. Let (M,J) be an almost complex manifold equipped with an S 1 - 
action which preserves the almost complex structure J and has isolated fixed points. 
For every p = 0, . . . ,n, let N p be the number of fixed points with exactly p negative 
weights. Then 

/ C!C n _! = V N p [6p(p - 1) + ]. 

J M p=0 1 

In particular, if N p = 1 for every p = 0, . . . , n, then 

1 . .^2 



cic„_i = -n(n + 1) 

Based on this fact, we are able to determine a family of vector spaces which con- 
tain the admissible lattices of weights for S^-actions satisfying a given upper bound 
on the absolute value of the sum of the weights at each fixed point. This upper- 
bound condition can be removed whenever (M, lj) is a compact symplectic manifold 
with a Hamiltonian S^-action which satisfies a certain "positivity condition" , which 



we will refer to as (CPq") (see Definition 4.12). This is satisfied for example when, 



for each fixed point P, there exist exactly dim(M)/2 spheres containing P which 
are fixed by a nontrivial subgroup of S , and Ci is positive on each of them (see 



Remark 5.7 and Section 6.3) 



When the number of fixed points is minimal, (CPq") does not seem to be restric- 
tive; in deed there are no known examples of manifolds which do not satisfy it (see 
Section 6.4). In particular, when dim(M) is 4 or 6, it is known that (Pq) is always 
satisfied, and our algorithm quickly determines all the possible families of isotropy 
weights, recovering the results of Ahara and Tolman |Ah[ IT1| for dimension 6. 
When dim(M) = 8 and the action has exactly 5 fixed points, we prove that 

(*) i^o) * s satisfied whenever the action extends to an effective Hamiltonian 
T 2 -action or none of the weights is 1. 

(In fact, in this case, the action satisfies even a stronger condition as it shown in 
Propositions |6.7| and |6.8| ) 

When (CPq ) is not necessarily satisfied, we explore Hattori's results |Ha| in the 
symplectic category. In particular, we are able to get equations involving the 
Chern numbers of the manifold and the integral of y n , where y is the generator 
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of H 2 (M;Z) ~ Z for which Ci = C x y, with C x G Z >0 . When dim(M) = 8, us- 
ing these equations, together with the algorithm mentioned above, we prove the 
following result. 

Theorem 1.3. Let (M,cj) be a compact symplectic manifold of dimension 8, with a 
Hamiltonian S l -action and 5 fixed points. Let y be the generator of H 2 (M;Z) such 
that Ci = Cxy, for some positive integer C%. Then C\ can only be 1 or 5. Moreover 
the following are equivalent: 

(i) (3q ) is satisfied. 

(ii) Ci = 5. 

(iii) The cohomology ring agrees with the one of CP 4 , i.e. 

H*(M;Z)=Z[y]/(y 5 ), 

where y is of degree two. 

(iv) The total Chern class agrees with the one of CP , i.e. c(TM) = (1 + y) 5 . 

(v) The isotropy weights at the fixed points agree with the ones of CP 4 with the 
standard S 1 -action. 



Combining Theorem 1.3 with (*) we obtain the following result. 

Corollary 1.4. Let (M,cj) be a compact symplectic manifold of dimension 8, with 
a Hamiltonian S 1 -action and 5 fixed points, satisfying one of the following two 
conditions: 

i) the S 1 -action extends to an effective Hamiltonian T 2 -action; 

ii) none of the weights of the action is 1 . 

Then the isotropy weights agree with the ones of the standard S 1 -action on CP . 
Moreover, the cohomology ring and Chern classes agree with the ones o/Cf 4 , i.e. 

H*(M;Z)=Z[y]/(y 5 ) and c(TM) = (1 + yf , 

where y has degree 2. 

If M 2 " is a connected compact Kahler manifold and has the same Betti numbers 
of CP™ but is different from CP™, then it is called a fake projective space. There 
has been extensive work towards the classification of these spaces. In particular, it 
is known |W[ IT] that, if M is a fake projective space of complex dimension 4, then 
its Chern numbers (cf , C1C3, c 2 c 2 , dj, c 4 )[M] can only take one of the following two 
sets of values: 

(625,50,250,100,5) and (225,50,150,100,5). 

However, it is not known whether there exists a connected Kahler manifold with the 
second set of Chern numbers. This set falls into the case Ci = 1 described above. 
In current work in progress, we are trying to find a multiset of weights which would 
give this list of Chern numbers. This would, in principle, allow us to construct a 
Kahler manifold with such values, as in [M] , 

In what follows we give a brief description of the structure of the article. In 
Section [2j we review some background material, establish some notation and recall 
fundamental facts about equivariant cohomology and Jf-theory, and equivariant 
line bundles. In Section [3j we recall some facts about the Hirzebruch genus of a 
compact almost complex manifold (M, J) with a J-preserving S^-action with isolated 
fixed points, and prove Theorem |1.2| In Section [4j we introduce a combinatorial 
object, called multigraph, which plays a crucial role in the algorithm, and encodes 



NEW TOOLS 



5 



important information about the S^-action (see Lemma 4.3 and Proposition |4.5[ ). 
The main result of this section is Theorem |4.7[ which gives a link between the 
combinatorics of the multigraph and the Chern number CiC n _i[M]. In Section [5] 
we introduce our algorithm, and discuss the positivity condition (7q) mentioned 
above. Section [6] specializes to the case in which (M,lj) is a compact symplectic 
manifold with a Hamiltonian S^-action with a minimal number of fixed points. 



In particular, in Section 6.1 we review some important results on the equivariant 
cohomology ring and Chern classes, and derive Proposition |6.4| which will play an 
important role in the efficiency of our algorithm. In Section |6.3| we apply the preced- 
ing results to refine the algorithm and give conditions under which (CPq ) is satisfied. 
In Section 6.4 we give a list of known examples of S^-Hamiltonian manifolds with a 
minimal number of fixed points, and analyze some of their properties. In Section [7] 
we analyze in detail the consequences of [HaJ in the symplectic category, and, in 
particular, what happens when (M,u;) is 8-dimensional with 5 fixed points but does 
not necessarily satisfy [Tq) (see Theorem |7.1l[ ). Section [8] contains the classifica- 
tion results obtained using our algorithm on manifolds satisfying (IPj). Its main 
result is Theorem |8.3| Finally, at the end of this section we prove Theorem |1.3[ 
combining the results of the classification in Section [8] with the ones of Section [7] 

The accompanying software, based on the algorithms presented in this paper, can 
be found at http : / /www. math . ist . utl . pt/^lgodin/MinimalActions . html. 
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and Mathematica. 



2. Background material 

In this section we will review some basic material and important results needed 
in this work and establish some notation. 

2.1. Equivariant cohomology and equivariant Chern classes. (For a detailed 
discussion see, for instance, |AtBol IGSj .) Let M be a manifold endowed with a 
differentiable ^-action. Let ES 1 be a contractible space on which S 1 acts freely, 
and let BS 1 = ES 1 / S 1 be the classifying space. Then ES 1 can be identified with 
the unit sphere S°° inside C°° and BS 1 with CP 00 . Since the S^-action on ES 1 is 
free, the diagonal action on M x ES 1 is also free. By the Borel construction, the 
^-equivariant cohomology ring Hg 1 (M) is defined to be the ordinary cohomology 
of the orbit space M x S i S°°, 

Hs±(M) = H*{M x s i S°°) . 

In particular, the jS^-equivariant cohomology of a point is given by 

Hgi (pt; A) = H* {BS 1 ;A) = H* (CP 00 ; A) = A[x], 

where A is the coefficient ring and x is of degree 2. The unique map p: M — > pt 
induces a map in equivariant cohomology 



P* ■ Hg! (pt) — > iPgl (M), 



(2.1) 
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which gives Hg 1 (M) the structure of an Hii (pi)-module. Observe that the homo- 
morphism {e} — > S 1 induces a restriction map in cohomology 

r: Hgi(M) — > H*(M) . (2.2) 

Hence, as long as one knows the kernel and cokernel of r , the equi variant cohomology 
ring recovers information on the ordinary cohomology ring. 

The projection onto the second factor tt : M x 51 5°° — > CP 00 gives rise to a 
push-forward map 

tt* : H* s t (M) -> if*- dim ( M ) (CP 00 ) (2.3) 
which can be thought as an integration along the fibers of tt. We will denote it by 
iivr 

Let E — > M be an S^-equivariant vector bundle. Then the equivariant Euler class 
e s \E) of E is defined as the Euler class of the bundle E x s i S°° — > M x 51 S°°. If 
E is a complex vector bundle, the equivariant Chern classes cf (E) are the Chern 
classes of £ x s i S°° —> M x s i S°°, and ^(cf 1 ) = c, for every i, where r is the 



restriction map (2.2). 

Let M s be the set of the S^-fixed points, and F C M s one of its connected 
components. Since F is ^-invariant, the inclusion ip : F » M induces a restriction 
map in equivariant cohomology l* f : Hg 1 (M) — > H%i(F). The Atiyah-Bott-Berline- 
Vergne Localization formula for 5 1 -actions allows to compute the push-forward 



map (2.3) in terms of the fixed point set data (cf. |AtBo[ TB Vj ) . 



Theorem 2.1 (ABBV Localization formula). Let M be a compact oriented manifold 
endowed with a smooth S 1 -action. Given £ P^i (M; Q) 



M p 



where the sum is over all the fixed-point set components of the action, and e s (Np) 
is the equivariant Euler class of the normal bundle to F. 

This localization formula becomes particularly easy when the fixed point set is 
discrete, i.e. M s = {P , . . . , P/v}. In this case, the normal bundle to a fixed point 
P is just TpM and, since is the only fixed point of the isotropy representation 
of S 1 on TpM, it follows that TpM has a canonical orientation and is an even 
dimensional vector space of dimension 2n. Let 



^S 1 



e 



(T P M) e H* sl ({P};Z)~Z[x] 



be the equivariant Euler class of TpM. Let Wip, . . . ,w n p be the weights of the 
isotropy representation of S 1 on TpM. Even if the sign of the individual weights 
is not well defined, the sign of the product is, and a standard computation shows 
that 

n 

e sl (T P M) = (jjwip)x n , 

i=l 

where x is of degree 2. Then the ABBV Localization formula reduces to the fol- 
lowing. 
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Corollary 2.2. Let M be a compact oriented manifold endowed with a smooth 
S 1 -action such that M sl = {P , . . . ,P/v}- Given fx € H% 1 (M;Q) 



^ tin) 



where Wn, . . . ,Wi n are the weights of the S 1 -isotropy representation on Tp.M and 
H(P) = i* {p} (fi) for all PeM s \ 



Notice that on the right hand side of (2.4 1, each term is not an element of Q[x], 
but their sum is. 

Suppose that (M, J) is an almost complex manifold equipped with a J-preserving 
^-action with isolated fixed points Po, ■ ■ • ,Pn- Then the signs of the individual 
weights of the S^-representation on Tp f M are well defined, and a standard compu- 
tation shows that the restriction of the j-th equivariant Chern class to Pi is given 

by 

cf (Pi) = o-jiwa, . . . , w in )xP € H 2 S { ({Pi}; Z) , 
where aj denotes the j-th elementary symmetric polynomial. 



2.1.1. The symplectic case. Let us now assume that (M,lo) is a compact symplectic 
manifold of dimension 2n, endowed with a symplectic S^-action with isolated fixed 
points Pq, . . . , Pjy. Let J : TM — > TM be an almost complex structure compatible 
with w, i.e. w(-,J-) is a Riemannian metric. Since the set of such structures is 
contractible, the set of weights of the isotropy representation of S 1 on Tp i M is well 
defined for every P t £ M s . Let Wu, . . . , Wi n be the multiset of these weights. Then 
we can identify Tp.M with C™, and the S^-action on Tp.M with the 5' 1 -action on 
C n given by 

a ■ (zx, ...,z n ) = (a Wil zi, . . . ,a Win z n ). 

Hence Tp i M ~ ©j=i ^wij > w fiere C Wij is the one dimensional complex subspace on 
which S 1 acts with weight Wy. For each i = 0, . . . ,N, we denote @ w . <0 C Wi . by 
N Pi . 

Consider the case in which the action is also Hamiltonian, i.e. there exists an 
S^-invariant function ip: M — > R, called moment map, satisfying 

dtp = -L£#W, 

where denotes the vector field generated by the S' 1 -action, and tj# is the interior 
derivative. Then ip: M — ► R is a perfect Morse function whose critical set 
coincides with the fixed point set M s . Hence, for every Pj £ M s , the negative 
normal bundle at Pj is precisely IMp , and the (Morse) index at Pj is 2A^, where Aj 
is the number of negative weights at Pi. 

Notice that the existence of a moment map ip gives rise to a natural equivariant 
extension of u>, i.e. oj — ip ® x, which is an S^-invariant form, closed under the 
differential d$i = d®l — 1|# ®x of the Cartan complex. Consequently, it represents 
a class 

[oj - Tp®x] G P|i(M;R). 
The invariant form uj — ip (g x is called equivariant symplectic form. 
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Kirwan |Kij uses the existence of such a map to prove very nice properties for 
the equivariant cohomology ring H* S1 (M;Z). First of all, if t: M s -> M denotes 
the inclusion of the fixed point set into M, the map 

i*: #£i(M;Z) -> Hsi(M sl ;Z) (2.5) 

is injective. Hence, any equivariant cohomology class 7 € if^i(M;Z) is completely 
determined by its restriction to the fixed points. 



Moreover, the restriction map (2.2 1 to the ordinary cohomology ring is surjective, 



and the kernel is given by the ideal generated by p*(x), where p* is the map (2.1) 
and PT*(CP°°;Z) ~ Z[x]. In the following we will simply denote p*(x) by x. 

In addition, the number of fixed points of index i equals the rank of iP(M; Z), 
which is the z-th Betti number b l (M) of M. More precisely, if N p is the number 
of fixed points of index 2p for every p = 0, . . . , n, then H 2p (M; Z) = l Z Np and zero 
otherwise. It is then easy to see, by reversing the circle action, that we must have 

N p = N n . p . (2.6) 

Suppose that [w] belongs to the image of the map iJ 2 (M;Z) — > H 2 (M; M). Since 
[u] 7^ for every k = 0, . . . , n, it follows, by the above result, that N p ^ for 
every p = 0, . . . , n. Thus 

the minimal number of fixed points on a compact Hamiltonian 
manifold M of dimension In is n + 1, and, in this case, 

iP(M,Z) = iP(CP";Z) i = 0,...,n. 

A basis for the equivariant cohomology of M is given as follows. Let us define 

so that A~ coincides with e s (Np 4 ), the equivariant Euler class of the negative 
normal bundle at Pj. Accordingly, we also define 

A+ = ( II ™ij> n - Xi (2-8) 

WijX) 

and Ai = e sl (TM Pj ) = A+ A t ~ , for every i = 0, . . . ,N. 

Lemma 2.3 (Kirwan, |Kij ) . Let (M,w) fee a compact symplectic manifold endowed 
with a Hamiltonian S 1 -action with isolated fixed points P , . . . , Pn ■ Let ip : M — > K 
fee i/ie corresponding moment map. For every fixed point Pj G M s t/iere exists a 
class "fi £ H^i' (M;Z) suc/i i/ia< 

(1) 7^)=^; 

(2) ji(Pj) = /or every Pj £ M s ' \ {P,} such that ip(Pj) < tp(P l ). 
Moreover, for any such classes, {%}fLo *s a basis for Hg 1 (M;'Z) as a module over 
H*(CP°°;Z) = Z[x]. 

Notice that the set of classes satisfying (1) and (2) is not unique. In fact, if there 
exist Pi and P m such that ip(Pi) < tp(P m ) an d A; = A m , then the class 7^ = 7/ + fc7 m 
satisfies the same properties (1) and (2) satisfied by 7/, for an y k g Z. 

Fix a set of classes {7i}^L satisfying (1) and (2) of Lemma : 



2.3 Since they form 



a basis for (M; Z) as a module over #*(CP°°; Z), given any class a £ H^(M; Z) 

■>3=0 ' 



there exist a , . . . , a' v g H*(CP°°; Z) such that a = X^jLo al T* ■ ^ ne nex t Lemma 
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gives a recursive formula that computes the coefficients cc's in terms of t* (a) and 
t*(7j), for i = 0, ...,N, which is an immediate consequence of properties (1) and 
(2). 

Lemma 2.4. Let us order the fixed points Pq, . . . , Pn in such a way that 

^(P ) < V(Pi) < ^{P 2 ) < ■ < HPn-i) < i>(P N )- 
Then the coefficients a l s can be computed recursively as 

a i P i) - Eh: «P k )<^(A) U H lh{Pi) 



a 



a; 



For every < j < I < N and < i < N, the elements a % 3 in H*(CP°°;Z) such 
that 

JV 
i=0 

are called the equivariant structure constants of Hti (M; Z) with respect to the basis 



{70, . . . , 7jv}- In order to compute them, by Lemma 2.4 it is sufficient to compute 
t*(7i) for every i. This problem has been extensively studied in the literature, and 
it is possible to get an explicit formula for these restrictions only in very special 
cases (see for example [GZ, GT, ST ). However, when the number of fixed points 
is minimal, Tolman |T1] shows that one can give an explicit basis for iT^ (M; Z) 
whose restriction to the fixed point set can be completely recovered from the fixed 



point set data (see Section 6.1 for details) 



2.2. if-theory and equivariant /^-theory. (For a detailed discussion see, for 
example, |Atl lAtSel lAtSij .) Let (M,J) be a compact almost complex manifold 
endowed with a J-preserving S^-action with isolated fixed points Po, . . . , Pn- We 
recall that K(M) (resp. Kgi (M)) is the abelian group associated to the semigroup of 
isomorphism classes of complex vector bundles (resp. complex S^-vector bundles) 
over M, endowed with the direct sum operation ©. This also has a ring structure, 
given by the tensor product ®. If M is a point, we have 

K(pt) ~ Z and K s i (pi) ~ i?(S' 1 ), 

the character ring of S . This last ring can be simply identified with the Laurent 
polynomial ring Z[i,i _1 ], where t denotes the standard S^-representation. 

In analogy with what happens in cohomology, the unique map M — > pt induces 
maps in equivariant and in ordinary if-theory, 

K s i(pt) -> K s i(M) and K(pt) ->• K(M), 

which give Kgi(M) the structure of a Z[i, i _1 ]-module, and K(M) the structure of 
a Z-module. 

Moreover, the inclusion homomorphism {e} S 1 induces a restriction map in 
if-theory 

r: K s i(M) -> K(M) , 

which, when M is a point, is just the evaluation map, r: Z[i,t _1 ] — > Z, at t = 1. 

Consider the if-theoretic push-forward map in equivariant and ordinary K- 
theory, namely the index homomorphisms 

ind s i : K s i (M) -> K s i {pt) ~ Z[i, t" 1 ] (2.9) 
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and 



ind: K(M) -> K(pt) ~ Z . 



By the Atiyah-Singer formula, (2.10) can be computed as 



ind(?7) = / Ch(r?)T(M), for every n e K(M), 

JM 



(2.10) 



(2.11) 



where Ch(-) denotes the Chern character Ch: K(M) -t H*(M;Q), and T(M) is the 
total Todd class of M. 



On the other hand, by the Atiyah-Segal formula |AtSej . the map (2.9) can be 
computed in terms of the fixed-point set data. Namely, if Wn , . . . , Wi n are the 
weights of the ^-representation on TpM, 



N 



ind s i (rj 



V s1 (Pi) 

i=0 11 J = 1V 1 



E 



for every 77 51 G K s i(M) , 



(2.12) 



where n sl (Pi) € Z[i, t^ 1 ] denotes the restriction of n sl to the fixed point Pj. Notice 
that the sum on right hand side of (2.12) is in Z[t, i -1 ], despite the fact that each 
of its terms is not. Observe also that we have the following commutative diagram 



K S i(M) 



K(M) 



(2.13) 



ind q i 



z[i,r 



ind 



Thus, the value of ind^i^ 6 ) at t = 1 can be computed using (2.11) and (2.12) 



ind S i(?7 Sl )| t=1 



Ch(r(rj sl ))7(M) 



2.3. Equivariant complex line bundles. (For a detailed discussion see, for ex- 
ample, [Hal IHLl IHY1 IMuj and jGGKl Appendix C].) Let M be a compact manifold 
with a smooth ^-action and let L be a complex line bundle over M. Then L is 
called admissible if the S^-action on M lifts to an S^-action on L which makes the 
projection map L — > M equivariant. We denote by h s the line bundle L endowed 
with the lifted S^-action. 

Theorem 2.5. Let h s — > M be an S 1 -equivariant complex line bundle over M, and 
let cf (L s ) G Hg 1 (M;Z) be its equivariant first Chern class. Then cf determines 
a one-to-one correspondence between equivalence classes of S 1 -equivariant complex 
line bundles over M and elements of Hg 1 (M;Z). 

Consequently, a complex line bundle L — >• M is admissible if and only if Ci(L) 
is in the image of the restriction map r: Hg 1 (M;Z) —> H 2 (M;Z). Moreover, all 
different liftings of the ^-action on L are parametrized by H 2 (CP 00 ; Z) ~ Z. In 
particular, suppose that the 5 1 -action has isolated fixed points Pq, . . . , Pjy and let 
L be an admissible complex line bundle. Then, as mentioned above, the lift L s is 
not uniquely determined, but, for any such lift, there exists an integer a such that 
the restriction of h s to a fixed point Pi is of the form 



h s \p i )=t a ' 



for every i = 0, 
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for fixed integers Oo, • • • , o,n> where t denotes the standard f-dimensional S^-representation. 
More precisely, the integer is given by 

x 

Hence, the values of h s at the fixed points are determined up to a constant rep- 
resentation. 

3. The Chern number cic„_i[M] 

Let (M, J) be a compact almost complex manifold, and let S 1 be a circle acting 
on M preserving the almost complex structure J. In this section we show that the 
Chern number J M Cic„_i can be completely determined by the fixed-point set data. 
When M is a compact complex manifold, Libgober and Wood |LiWj proved that 
this integral is determined by the Hodge numbers of M. The same fact was also 
shown later by Borisov in [Boj . inspired by previous work of Eguchi, Hori and Xiong 
on Fano varieties |EHX] . 

Let (M,J) be a compact almost complex manifold of dimension 2n, and let 
Cj G H 2 i (M; Z) be the Chern classes of the tangent bundle, for every j = 0, . . . ,n. 
Let Xj/(M) be the Hirzebruch genus of M, i.e. the genus corresponding to the power 
series 

x(l + ye-^+vl) 

l - e- x ( 1+ y) 

(cf. [HBJ] for details). Then 



[ tAv* 

Jm / 



i=0 

where 7 1 " is a rational combination of products of Chern classes 

c n ■ ■■c jr , with ji H h j r = n. 

For example, up to order 4, the T^s are 

rpO _ 1 ml rpl _ 1 rp2 _ rp2 _ C l j" C 2 

1 o — x ' 1 o " 1 i — 2 !> o — J 2 — yi ' 

! _ c\ - 5c 2 3 _ 3 _ CiC 2 3 _ 3 _ CiC 2 - 12c 3 

J-2 ~ g . Jo - ^3 - 24 , il " ^2 - 24 

rpi _r ri _ -cj + 4cjc 2 + 3c^ + cic 3 - c 4 

720 

n4 4 -cj + 4c?c 2 + 3c^ - 14cic 3 - 31c 4 



I? = T 3 * = 



180 

4cf c 2 + 3c 2 - 19cic 3 + 79c 4 



120 

We recall that the Hirzebruch genus recovers three important topological invariants 
of the manifold M: 

• If y = then xo(M) = Todd(M) is the Todd genus of M, i.e. the genus 

x 

associated to the power series Qo(x) — — . Hence Tq is just the Todd 

1 — e x 

polynomial of degree n. 

• If y = 1 then Xi(M) = sign(M) is the signature of M. 
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• If y = —1 then X-i(M) = J M c n is the Euler characteristic of M. Moreover, 
if M is a complex manifold, x-i(M) = ind(i9) is the index of the d operator. 

Let T* M ® C = T^M ® T° 4 M be the splitting of the complexified cotangent 
bundle induced by J, into its holomorphic and antiholomorphic parts. For every 
p = 0, . . . , n, let Xp(M) be the topological index of the bundle A P T 1,0 (M), regarded 
as an element of K(M), i.e. x p (M) = ind^T^M) G K(pt). Then by the Atiyah- 
Singer formula [AtSij 



X P (M) = / Gh(A p T 1 '°M)T(M) 



where the orientation on M is the one induced by J, Ch(-) denotes the Chern 
character, and T(M) is the total Todd class of M, i.e. 

T(M) = T °+T 1 + --- + T " eH*{M;Q). (3.1) 

If c(TM) = n"=i(l + x i) IS a formal factorization of the total Chern class, then a 
standard computation shows that 

n n 

J2 Gh{A p T 1 '°M)y p = Y[{1 + ye~ Xi ) 

p=0 i=l 

and 

n 

Xy(M) = Y,X P (M)y p . (3.2) 

Now suppose that M is equipped with a circle action preserving the almost 
complex structure J such that the fixed point set M s is discrete. Then, for all 
p = 0, . . . , n, the bundle A P T 1: °(M) can be regarded as an element of Kgi (M). Let 
us define 

n 

Xy (M,t) :=5>d sl (A p T^°(M))y p . 

p=0 

Then, following an idea of Atiyah-Hirzebruch [AtHij . Kosniowski [K] and Lusztig 
|Lu| . Li proves in |L2| that when (M,J) is a compact almost complex manifold 
with a J-preserving S^-action with isolated fixed points Pq, ■ ■ ■ ,Pn, then x y (M,t) 
is independent of t, and has the following explicit expression. Let denote the 
number of negative weights at P,, then 

N 
i=0 

(see also Section 5.7 of jHBJ| ). Since x(M) = x( M , 1), we have that 

N 

X,(M) = £H/) Al - (3.3) 

i=0 

Let N p be the number of fixed points with exactly p negative weights. Then we 
can rewrite (3.3) as 



p=0 
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and so by (3.2) it follows that Xp(M) = (— l) p N p . Moreover, since 



N 



N 



i=0 



we have 



Xp (M) = (-l)« X n-p(M). 



From X-i(M) = J M c n and (|3.4[) it immediately follows that 



,, n 

/ c n =£iV p 

Jm p=0 



(3.5) 



We are now able to prove Theorem |1.2| which shows that there exists another 
Chern number which only depends on the fixed-point set data. For that, we adapt 
the results in |LiW| and [Bo] to the almost complex case, and combine them with 
the localization formula (3.4) for the Hirzebruch genus. 



(3.6) 



Proof of Theorem 1.2 The proof follows closely the argument found in |Bol Propo- 
sition 2.2.]. By (3.2), we have 

^^l^-i = E%,(M)(-l)-p(p-l). 

^ p=0 

On the other hand, we can use the Atiyah-Singer formula to express 

d 2 Xy(M) 
dy 2 

as a combination of Chern numbers. Indeed, 



d 2 X y(M) 
dy 2 



dy 2 



ECh(A p r 1 '°M)y p 7(1 
\p=o ) 



dy 2 



\i=l 



Xi(l + ye x ') 



Hence, 



d 2 Xy(M) ] ^ 

-^ 2 —\y=- 1 - 2 2^ 



x k e 



= 2E 



i .'• M ' / h^j,k 

2 12 



M 



1 _ X l + | ( 1 X : ^ 



n 



Moreover, it is easy to see that 



XjXk ( x j + x k 

~4 



12 



n 



/ cic„_i=n / c„ + E / (^ + 4) IT 

Jm Jm j<k JM Mj . fc 



and so, the previous computation along with (3.6), yields 



n „ 

Exp(M)(-irp(p-i) = - / 



ClC„_i 



3n 2 — 5ra 
12 



The result then follows from the fact that X P (M) = (— l) p N p and from (3.5). □ 
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In virtue of the observations made in Section [2~T] Theorem |1.2| has the following 
immediate corollary. 

Corollary 3.1. Let (M,uj) be a compact symplectic manifold with a Hamiltonian 
S l -action and isolated fixed points. Let b l (M) be the i-th Betti number of M. Then 

f c l c n _ l =j2b^{U)[Sp{p-l) + br ^ n ^]. 

In particular, if the number of fixed points is minimal, 

[ cic„_i = \n{n+ l) 2 . (3.7) 
Jm 1 

4. Defining the multigraphs 

4.1. Abstract multigraphs. An oriented multigraph T is an oriented graph 
with multiple oriented edges. More precisely, it is an ordered pair T = (V, E), where 

• V is a set of vertices, 

• E is a multiset of ordered pairs of vertices which we will call the edges of 

r. 

Let i : E — > V (resp. t : E —> V) be the map which associates to each edge e its 
initial (resp. terminal) point. Note that we allow a multigraph to contain cycles, 
i.e. edges e with i(e) = t(e). We denote by E Q the subset of E formed by cycles, 
and by Ep the set of cycles that start and end at P <E V. 

For every P 6 V, let Ep \ (resp. Ep x ) be the set of edges whose initial (resp. 
terminal) point is P, i.e. Ep;, = {e € E | i(e) = P} (resp. Ep x = {e e E \ t(e) = 
P}), and define Ep to be the multiset Ep t \ U Ep A . This is a multiset in the sense 
that, if e is a cycle, it appears twice in Ep: once as an element of Ep t \ and once as 
an clement of Ep x . We say that the multigraph V = (V, E) has degree n if \Ep\ = n 
for all P E V. Moreover, for every P g V, we define A(P) to be the number of 
edges ending at P, i.e. A(P) = |-Ep,t|- 

Define 8: V x E { — 1, 0, 1} to be the map 

f 1 if eeE P j\Ep tt 
S(P,e) = l-l if e G E Ptt \ E P;i 
[0 otherwise. 

Assume that the edge set E contains finitely many elements, and let us fix an 
ordering on E = (e%, . . . , £\e\)- To every oriented multigraph T we associate an 
(\E\ x \E\)-matrix A(T) whose element at position (h,m) is given by 

ah,m ■= $ O(eft), e m ) - 6 (t(e h ),e m ) . (4.1) 

We say that a multigraph T = (V,E) is labeled by w (and denote it by (r,w)) if 
we associate to T a map w: E —> Z. Finally, suppose that (r,w) satisfies w(e) ^ 
for all e G E. Then we define the magnitude m:E->Zof(r,w) as 

$3(*(i(e),/)-*(t(e),/))w(/) 

fEE 
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The subset of edges e£E with m(e) > (resp. m(e) < 0) is denoted by E + (resp. 
E~), and its elements are called positive edges (resp. negative edges). Finally 
we denote by E° the subset of edges with m(e) = 0. 

For every multigraph T we can introduce an equivalence relation on the set of 
vertices: given P, Q g V we say that P ~ Q if and only if there exists a sequence 
of unoriented edges connecting P to Q. The corresponding equivalence classes are 
called the connected components of F. 

4.2. The multigraphs associated to an S^-action. Let (M,J) be a compact 
almost complex manifold of dimension 2n, equipped with a J-preserving circle action 
with a discrete fixed point set M s . In this section we will associate a family 
of oriented multigraphs to the 5 1 -space (M, J, S 1 ), which will encode information 
about the fixed-point set data. 

Let M s = {P , . . . , Pn}, and Wa, . . . , Wi n the weights of the isotropy represen- 
tation of S* 1 on Tp i M (repeated with multiplicity), for i = 0, . . . , N. 

Definition 4.1. The multiset of weights W associated to the S 1 -action on (M, J) 
is the multiset 

|+J {wa, . . . , w in } 

P;eM sl 

and the multiset of positive weights W + C W ( resp. negative weights W_ C 

W ' ) is the multiset 

l+J {w ik | w ik > 0} (resp. |+J {w ik \ w ik < 0}), 

where l+J denotes the union of multisets. 

Note that none of the elements of W is zero, since we are assuming the fixed 
points to be isolated. Hence, W = W + U W_. 

Our definition of multigraph associated to the S^-action on (M, J) relies on a 
crucial property of W which was first proved by Hattori in the almost complex case 
|Ha[ Proposition 2.11] (see also |L2[ Theorem 3.5] and |PT1 Lemma 13]). 

Lemma 4.2. Let (M, J) be an almost complex manifold equipped with a ^-preserving 
circle action with isolated fixed points. Let\N+ and\N- be the multisets of positive 
and negative weights. Then W + = — W_ . 

In other words, W always contains pairs of integers of opposite signs. Let us 
consider the index sets 



I := {(i, k) G {0, . . . , N} x {1, . . . , n} | w ik e W+} 



and 



J := {(», k) € {0, . . . , N} X {1, . . . , n} | w lk e W_}. 
Since W + = — W_, we can always choose a bijection between W + and W_ such 
that the corresponding bijection /:/—>■ J between the two index sets satisfies 

f(i,k) = {j,l) and w ik = -Wji. (4.2) 

Hence, to every fixed point Pi, we are associating a fixed point Pj such that one of 
the weights at Pi is Wi k € W + and one of the weights at Pj is Wji — —Wi k g W_. Let 
p : I —} {0, . . . , N} be defined by p(i, k) := j, where j is such that f(i, k) = (j, I). 
For every choice of a bijective pairing / : I — > J satisfying (4.2 1, we can associate 
an oriented multigraph T — (V,E) to the ^-action on (M, J) as follows: 
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• The vertex set V is the fixed point set. 

• The edge set is determined by the bijection between W + and W_ chosen 
above. More precisely, for every (i,k) G / such that f(i,k) = there 
corresponds an oriented edge from Pj to Pj. The edge set E is then 
E = {e lk | (i,k) G I}. 

Consequently, the elements of E are in bijection with those of I. Note that, in the 
notation above, if is the edge associated to the pair (i, k) G /, then i(ejfc) = P, 
and t(e ik ) = P p {i,k)- 

We label the multigraph T = (V, E) by the map w: E — > Z>o which, to each edge 
e = e^fe, associates the weight w(e) = Wik (which, by definition, is always positive). 
We call this map the weight map. 

Let us denote by W the family of multigraphs associated to the ^-action on M 
labeled by the weight map, and denote its elements by pairs (T,w). 

Lemma 4.3. Let (T,w) be an element ofW. Then 

1) (r, w) determines W. More precisely, for every 6 M s , let {wn , . . . , Win} 
be the multiset of weights of the S 1 -representation on TM\p. . Then 

{w a , w m } = {S[Pi, e) w(e), e G E Pi \ Eg } U {±w(e),e G Eg } . (4.3) 

2) The magnitude is given by 

m(e) = cf 0(e)) - cf (t(e)) fordl e( _ E _ 
w(e)x 



Proof. The equality of multisets (4.3) is an easy consequence of the definitions. 
Moreover, (4.4) comes from the definition of m(e), (4.3) and the fact that cf (Pj) = 
(E"=i *>ij)x for every P G M s ' . □ 

Observe that for all P G V, A(P) := |Pp,t| is just the number of negative weights 
of the S^-representation on TpM. Then 

iw_i= J2 A ( p ) 

PGM sl 



which, by Lemma 4.2 must be equal to 

iw + i= (™- A ( p ))> 

pgm s1 

and so 

|W + | = ,W-| = M = ™ 

From the definition of E we then have 

\E\=( N + 1 >. 
1 1 2 

We will now explore the properties satisfied by the magnitude m associated to 

(r,w)ew. 

Remark 4.4 Suppose that there exists an edge e € E such that the points i(e) 
and t(e) are the S^-fixed points of an S' 1 -invariant sphere embedded in M, where 
w(e) (rcsp. — w(e)) is the weight of the S 1 representation on T^S^ (resp. T t ( e )Sg). 
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Then m(e) is just the integral of the first Chern class Ci on the sphere S 2 . In fact, 
by (4.4) and the ABBV localization formula (Corollary 2.2 1, we have 

m(e)= cf(i(e))-cf (t(e)) 



where t : S 2 



w(e)x 
is the inclusion map. 



t *(cf ) 



t*(ci), 



Let (r, w) be an element of W, and let us fix an ordering e%, . . . , em\ of the edge 
set E. Then, by definition of m, we get 



\E\ 



^2 ( S iK e h),e m ) - S (t(e h ), e m ) )w(e m ) - \N(e h )m(e h ) 







(4.5) 



rn—1 

for all h = 1, ... , \E\ 



Denoting by w(E) the vector (w(ei), . . . , w(ei^i)), and by m(E) the vector 
(m(ei), . . . , m(e|B|)), from ( |4.1[ ) and (4.5) we obtain the homogeneous system 



(A(T) - diag(m(£7))) ■ w(£7)* 



0, 



(4.6) 



where diag(m(i?)) is the (\E\ x \E\) -diagonal matrix diag (m(ei), . . . , m(ei B i)). 

Let us study ( |4.6| in more detail. Suppose that e = ej is a cycle, i.e. that 
i(e) = t(e). Then the j— th row and column of A(T) — diag (m(E)) are zero vectors. 
Let r' be the graph obtained from T by deleting the cycles e € E®, i.e. T' = (V, E'), 
where E' = E\E a , and V = TiU- • -UP; is the decomposition of T' into its connected 
components T^. Pick the following ordering of the edges of P: 



E=(el, 



> e \E±\> e l> ■ 



' e |-E 2 |' 



where, writing P^ = (Vi,Ei) for every i = 1 
1, . . . , \Ei\, and ef € E for every j = 1, 
block diagonal matrix of the form 



A(r) 



V o 



, e 1; . . . , e| Bi |, e 1 , . . . , e| £0 |) , (4-7) 

, I , we have e*- € -Ei for all j = 
\E^\. It is easy to see that A(T) is a 

\ 



A(r,) o 
o o / 



where the bottom right QE^] x |E°|)-zero matrix corresponds to the cycles. For 
every i = 1 . . 



, I, let 



Null 



(A^) - diag(m(^)) 



(4.8) 



be the null space of A(Ti) — diag (m(i? i )), and let Z^, 1 ' be the vectors in Rl B *l with 
positive integer entries. Since w(e) is a positive integer for every e € E, we have 
the following result. 

Proposition 4.5. Let (r,w) be any multigraph associated to a fixed S 1 -action on 
(M,J), and let V = {V,E') be the graph obtained from V = (V, E) by deleting its 
cycles, i.e. E' = E \ E® . Moreover, let T% U- • • LIT; 6e £/ie decomposition ofT 1 into 
its connected components, and let A(Ti) be the matrices associated to Ti. Then 

( Null (A{Fi) - diag (m(£?i)) )) n Z^j 1 ^ , /or even/ » = !,...,!, 
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where m is the magnitude associated to T. In particular, 

det \ A(Ti) — diag(m(-Ej))J = , for every i = 1, . . . , I. 

Notice that the magnitude m: E — > Q associated to (T, w) <E W clearly depends 
on the labeled multigraph chosen. However, the sum of the elements in the image 
of m does not. Indeed, we have the following result. 

Proposition 4.6. For any (T, w) £ W the associated magnitude m: E — > Q satis- 
fies 

E m ( e )= / 



eeE 



ClC„_i. 

' M 



Proof. By the ABBV localization formula (Corollary 2.2) and ( |4.4[ ) we have 



M *=0 



JV 



lyy cf (g) = 1 ^ cf (PQ | 1 cf (P,) 

_ cf^-cf (P p(l , fc) ) = v cf(i( e ))-cf 1 (t(e)) = Vm 



□ 



Combining Theorem |1.2| and Proposition 4.6 we obtain the following result. 



Theorem 4.7. Let (r, w) &e an element o/W, and Zei m be the associated mag- 
nitude. Then the sum of the magnitudes of the edges is an invariant of W. More 
precisely, let n be the degree of T and let N p be the number of vertices P with 
A(P) = p, for all p = 0, . . . , n. Then 

n r _ n 2 

£ m(e) = 5>„[6p(p - 1) + £H_^L]. (4.9) 

eG_E p=0 

In particular, if N p = 1 /or every p = 0, . . . , n, then 

]Tm(e) = in(n + l) 2 . (4.10) 

Let us now restrict our attention to a class of multigraphs for which the magni- 
tude m : E — >• Q has integer values. 

For every integer Z > 1, let M Zi be the submanifold of M fixed by the subgroup 
lii C S . Then we have the following lemma. 

Lemma 4.8. There exists a labeled multigraph (r,w) £ W such that, for every 
e £ E with w(e) > 1, 

i(e) and t(e) lie in the same connected component of M Zw < e >. (4-11) 

Proof. For every fixed point P, let wi , . . . , w n be the weights of the ^-representation 
on TpM. For every tu,- > 1, the set M 2 ™* is an almost complex submanifold of M 
of dimension greater than zero. Let N be the connected component of M z ™i con- 
taining P. Then, by applying Lemma |4.2| to N, we know that there exists a fixed 
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point Q £ N s with one weight equal to — tUj. Since N s C M s , the conclusion 
follows immediately. □ 



Definition 4.9. A labeled multigraph (f\w) £ W satisfying (4.11) is called an in- 
tegral multigraph. We denote by J the family of integral multigraphs associated 
to a fixed S 1 -action on (M, J) and by M the family of integral multigraphs labeled 
by their corresponding magnitudes. The elements of M are denoted by (T, m). 

The main property of integral multigraphs is that the corresponding magnitudes 
have integer values. This is an easy consequence of |T1[ Lemma 2.6 ], which is stated 
for symplectic manifolds, but also holds for general almost complex manifolds. 

Lemma 4.10. Let P and Q be fixed points of the S 1 -action which lie in the same 
connected component of M Zi , for some integer I > 1. Then the weights of the 
isotropy action of S 1 on TpM agree with the ones on TqM modulo I. 

So we have the following result. 

Proposition 4.11. For every (T, m) £ M 7 the magnitude m has integer values, i.e. 
m: E -> Z. 

Proof. By definition of integral multigraph, for every edge e such that w(e) > 1, the 
endpoints i (e) an d t(e) of e lie in the same connected component of M Zm < c >. Hence, 



by Lemma 4.10 the weights of the isotropy representation of S 1 on Tj( e )M agree 
with the ones on T t / e \M modulo w(e). The conclusion then follows immediately 

from the fact that Cl is the sum of the weights of the ^-representation on 
T P M , for every P £ M sl . □ 

Two important subsets of 3 are those given by positive integral multigraphs and 
non-negative integral multigraphs. 

Definition 4.12. An integral multigraph (T, w) £ J is called a non-negative 
(resp. positive) if the corresponding magnitude satisfies m : E — > Z>o (resp. 
m:E^Z >0 ). 

We denote by 3>q (resp. 3>o) the family of non-negative (resp. positive) multi- 
graphs, and by M>o (resp. M>o^ the family of non-negative (resp. positive) multi- 
graphs labeled by their corresponding magnitudes. 

We say that the S 1 -space (M, J, S 1 ) satisfies property (Tj) if the corresponding 
family of non-negative multigraphs J>o is nonempty. 

In Sections [5] and [6] we will investigate in more detail conditions on the S^-action 
that guarantee that it can be represented by a non-negative or positive multigraph 



(see in particular Remark 5.7 and Section 6.3) 



Example 4.13 Let us consider the circle action on M = S 2 x S 2 which rotates 
one sphere with speed a and the other with speed b, where a,b £ Z >0 are relatively 
prime. There are four fixed points 

P = (S, S), Pi = (S, N), P 2 = (N, S) and P 3 = (N, N), 

where S and N are the north and south poles of S 2 . There are two spheres fixed 
by the action of the subgroup 7L a (namely S 2 x {S} and S 2 x {N}) and two spheres 
fixed by the action of (namely {S} x S 2 and {N} x S 2 ). The isotropy weights 
at each fixed point and the number Aj of negative weights at Pi are 
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(w 01 ,w 02 ) = (a,b) 


A =0 


Pi 




(wn, W12) = (-b, a) 


Ai = 1 


P2 




(w 2 i, W22) = (~a,b) 


A 2 = 1 


p 3 




(w3i,w 32 ) = (-b, -a) 


A 3 = 2 



The values of the equivariant first Chern class cf (Pi) at each fixed point are 



cf(Po) = 


(a + 6)2 


cf(Pi) = 


(a — b)x 


cf(P 2 ) = 


(b — a)x 


cf(P 3 ) = 


— (a + b)x 



and the multisets W_i_ , W_ , / and J are 



W+ 


{a, a, b, b} 


w_ 


{—a, —a, —6, —6} 


/ 


{(0,1), (0,2), (1,2), (2, 2)} 


J 


{(1,1), (2,1), (3,1), (3, 2)} 



There are only four possible pairings /; : I — > J, I = 1, . . . , 4, as in (4.2 1 



/i(0,l) = 


(2,1) 


/i(0,2) = 


(3,1) 


/i(l,2) = 


(3,2) 


A (2, 2) = 


(1,1) 



/ 2 (0,1) = 


(3,2) 


/ 2 (0,2) = 


(3,1) 


/ 2 (1,2) = 


(2,1) 


/ 2 (2,2) = 


(1,1) 



yielding the four graphs in Figure |4.1 



PO 



n 



/a (0,1) = 


(2,1) 


/a (0,2) = 


(1,1) 


/a(l,2) = 


(3,2) 


/a (2, 2) = 


(3,1) 



T2 



PO 



/ 4 (o,i) = 


(3,2) 


/ 4 (0,2) = 


(1,1) 


/ 4 (1,2) = 


(2,1) 


/ 4 (2,2) = 


(3,1) 



P. 



T4 



Figure 4.1. Circle actions on S 2 x S 2 



Note that, if a and b are greater than 1, the only integral multigraph is T3 which 
is a positive integral multigraph. Indeed, writing e\ := eoi, e 2 := eo 2 , e3 := ei2, 
e 4 : = e 2 2, the associated magnitudes m: E — >■ Q are 



/l 




m(ei) 


2 


m(e 2 ) 


2(a+6) 
& 


m(e 3 ) 


2 


m(e 4 ) 


2(fc- a) 
6 



/2 




m(ei) 


2(a+6) 
a 


m(e 2 ) 


2(a+6) 
b 


m(e 3 ) 


2(a-b) 
a 


m(e 4 ) 


2(6-a) 
b 



/3 




m(ei) 


2 


m(e 2 ) 


2 


m(e 3 ) 


2 


m(e 4 ) 


2 



/ 4 




m(ei) 


2(a+b) 
a 


m(e 2 ) 


2 


m(e 3 ) 


2(a-fc) 
a 


m(e 4 ) 


2 



Note that J2 e eE m ( e ) = 8 in all cases. On the other hand, the numbers N p of 
fixed points with p negative weights are N = N 2 = 1 and N± = 2 and so, by 
Theorem 11.21 we obtain 



ClC„_i 



2 

E 

p=0 



Ap[6p(p-1)-1] 



11 = 8, 
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confirming the result in Proposition |4.6[ 

Finally, for Tj = (V,Ei), we obtain the matrices A(Ti) given by 

/ 2 2 
2 2 




A(r a 



V 



2 1 

1 2 

1 

-1 



"1\ 


-1 
2 / 



A(r 2 



\ o o 




-2 

2 / 



^(r 3 ) 



-M 



1 

2 / 



^4(r 4 



/ 2 


i 





1 


\ 


1 


2 


-1 








-1 


2 


-1 




V i 





-1 


2 





5. An algorithm to determine linear relations among the weights 

After having introduced the necessary definitions in Section [4] we can rewrite 
Question |1.1| in the following way. 

Question 5.1 Let n, N and Xi, for j = 0, ...,N, be positive integers, where < 
Xi < n for all i. Does there exist a compact almost complex manifold (M,J) of 
dimension 2n with a J-preserving .S^-action with isolated fixed points Po, . . . , Pn, 
such that the number of negative weights at Pi is A^? If so, can we determine the 
corresponding family 3 of integral labeled multigraphs? 

Instead of trying to determine 3, it is more convenient to determine M, the family 
of integral multigraphs labeled by their magnitudes m. In fact, by Theorem |4.7| 
the sum of the magnitudes only depends on n, N and and so Proposition |4.5| 
gives linear relations among the weights. 



Notice that if the answer to Question 5.1 is affirmative, the first necessary con- 



dition on ri, N and the A^s is a direct consequence of Lemma 4.2 Indeed, since 
IWI 

|W+| = |W_| = — , we must have 

N N ar ! ii 

J-A.l^A,^. (5.1) 

2=0 



From now on we will assume that n, N and the A^s satisfy (5.1 ). 

The linear relations among the weights can be determined as follows. First, let 
us define two families N and N> of labeled multigraphs associated to the integers 
n, N and A;, for i = 0, . . . , N. For that, consider the sets 

I' = {(i, k) e {0, . . . , N} x {1, . . . , n} | k < n - A, } 

and 

J' = {{i, k) € {0, . . . , N} x {1, . . . ,n} | k < Xi} . 



Observe that by (5.1) we have |/'| = \J'\. Let /: I' — » J' be a bijection between 
the two sets. Using / we can construct a multigraph T = (V, E), where 

• V is a set of N + 1 vertices Po, . . . , Pn, 

• for every (i, k) 6 /' with /(?, k) — (j, I), one considers an oriented edge 
from Pi to Pj so that the edge set is E = {e^ | (i, k) 6 /'}. 
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Let r' = (V, E') be the graph obtained from T — (V, E) by deleting its cycles, 
i.e. E' = E\ E Q . Moreover, let T ± U • • ■ U T t be the decomposition of V into its 



connected components, and let A(Ti) be the matrices associated to Ti as in (4.1) 



Consider an ordering on the edges as in (4.7) and let Nr be the family of maps 
n : E — > Z satisfying 

£ n(e) = £ N P [GP(P 1) + (5-2) 

( Null diag (n^)))) nZ^j 1 ^0 (5.3) 

for every i = 1, . . . , I. Then we define N as the set of pairs (r, n), where T is 
associated to a bijection / : /' J' as above and n G Nr. Moreover, we denote by 
N>o the subset of 3\f given by pairs (r, n) G N such that n : E — > Z>q. 



Remark 5.2 Condition (5.3) implies that det (A(Ti) — diag (n(Ei))) = for every 



i, yielding polynomial equations in the n(e)s. However, (5.3) is much stronger. For 
example, let Bh be the ft.-th row of A(Ti) — diag (n(Ei)), for some i. Then it is easy 
to see that Bh must contain entries of opposite signs for all h = 1, . . . , \Ei\. More 
precisely B h looks like 

(bh,i, ■ ■ .,^-1,2 - r\(e h ), . . .,bh,\Et\), 

where bh,k is an integer; so, if bh,k ^ for all k =/= h, we need n(e/j) 2. Taking 
linear combinations of rows in such a way that all the constant coefficients have the 
same sign, one can get lower bounds for linear combinations of the n(e)s. However, 
these estimates do not seem to be optimal. It would be interesting to know whether 



one can get better restrictions on the set of the n(e)s satisfying (5.3) 



Using the above notation we have the following result. 
Theorem 5.3. Let n, N and \, for i = 0, . . . , N , be non negative integers satis- 



fying < Xi < n for < i < N as well as (5.1 ). 

If there exists a compact almost complex manifold (M, J) of dimension 2n and 
a ^-preserving S 1 -action on M with isolated fixed points P , . . . , Pjy, such that the 
number of negative weights at Pi is Xi, then McN and M>o C N>o- 

Moreover, for every (I\w) 6 J (resp. 3>q) there exists (T, n) 6 3Sf (resp. N>o) 
such that 

w(E) e ( Null(.A (r) - diag (n(J5))) ) n zLfJ . 

Proof. Let {wn, . . . , Wi n } be the set of weights of the ^-representation on Tp. M, for 
alii = 0, . . . ,N, and let W, W + and W_ be the multisets defined in Section [4] We 
can order the weights in such a way that I' and J' are the index sets of W + and W_ , 
i.e. I' = {(i,k) | Wik € W + } and J' = {(i,k) | Wik G W_}. Then the conclusion 
follows from the definitions along with Proposition |4.5| and Theorem |4.9| □ 



Hence, to look for linear relations among the isotropy weights, we have to take 
every possible multigraph obtained from a bijection /:/'—> J' and look for possi- 



ble functions n : E —> Z satisfying (5.2) and (5.3), which would correspond to the 
magnitudes of the multigraphs. To make this task more efficient we point out a 
few facts that, in some cases, imply that the number of such functions n is finite. 
Moreover, when we cannot assure that this number is finite we can impose addi- 
tional conditions on the action, making this number finite at the cost of restricting 
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the class of circle actions considered. Before doing so, we consider the following 
technical lemma. 

Lemma 5.4. Let (M, J) be a compact almost complex manifold with a ^-preserving 
S 1 -action with isolated fixed points. Let (I\w) G 3 be an integral multigraph asso- 
ciated to this action. Then, for every w <G £/5i(M;Z), we have 

w(\(e)) - w(t(e)) „ „ 

, , G Z for every edge eEE. 

vj{e)x 

* ) '-! t i \ i n ■ < \ t ■ \ ■ film n/nil i i • /" . 



Proof. As remarked in Section 2.3 to every element w G Poi(M;Z), we can asso- 



ciate an equivariant complex line bundle L s whose first equivariant Chern class 
is to and such that L s (P) = t lu ( p ) for every fixed point P. Let e be an edge of 
(r,w) G J and suppose that w(e) > 1. By definition of integral multigraph, i(e) 
and t(e) are in the same connected component N of M Zw < e >, the submanifold of 
M fixed by Z w ( e ). Thus the 5 1 -modulcs h s (i(e)) and Lr (t(e)) are equivalent as 
Z w ( e )-modules, and the conclusion follows immediately. □ 

As a result of this Lemma, for every equivariant class w G if|i(M;Z) that 
"divides" the first equivariant Chern class cf 1 , i.e. a class w satisfying 

cf 1 = Cw (5.4) 
for some constant CeZ\{0}, we have 

w(i(e)) - w(t(e)) _ m(e) 

for every edge e G E. Hence, by ( |4.9[ ), we conclude that this constant C must divide 

X:^[6 P (p-l)+ 5 ^ 3n2 ]. (5.5) 

p=0 

In many cases the largest positive integer C satisfying this property can be explicitly 
written in terms of the weights at the fixed points of index and 2. Indeed, assume 
now, and for the remaining of the section, that (M,Li) is a compact symplectic 
manifold with a compatible almost complex structure J, and that the S 1 -actions 
considered are Hamiltonian and preserve J. 

Let Po be the fixed point of index 0, and P^, . . . , P± the fixed points of index 2. 
Assume that there exist degree-2 generators of (M; Z), . . . ,t*, satisfying 

rj(P)=0 for all P G M sl \ {P^} such that A (P) < 1, (5.6) 

which we call canonical classes. These classes do not always exist, but, if they do 
exist, they are unique (see |GT[ Lemma 2.7]). Then it is easy to see that 

m 

for some 1 < m < k, with 

a . = 4 (ifl-cf (P)) eZ \ {0} and j8 = c f 1 (p ). 
A p , 

Indeed, from Lemma 3.8 in |Tlj we have that r(cf ) = Cj ^ 0, thus implying 
that m > 1; the explicit expression of the c^s and /3 is an easy consequence of the 
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definitions. So the largest positive constant C dividing (5.51 for which cf 1 /C is 
still an integer class is 

C = gcd{|ai|, . . . , |a m |}. 

Let us now make the additional assumption that there is a multigraph with 
an edge ej from P to Pf, for every i — l,...,m. Then m(ei) = aj for every 
i = 1 , . . . , to and so 

C = gcd{|m(ei)|, . . . , |m(e m )|}. 

Note that we can always take such a multigraph when there exists a sphere con- 
necting Pq to PI fixed by some subgroup of S , for every i = 1, . . . , to. 

Example 5.5 Consider the standard T 3 -action on C 3 given by 

(Ci>6j6) ' (^1,^2,23) = (^1^1,6^2, £3^3) ■ 

This action descends to an action on the complete flag manifold ^/(C 3 ), where the 
diagonal circle S 1 = {(£,£,0 <E T 3 } acts trivially. Take the action of the quotient 
group T 3 / S 1 ~ T 2 . This action has 6 fixed points, given by flags in the coordinate 
lines of C 3 . These are indexed by permutations a € S3 on 3 letters, where the fixed 
point corresponding to a is given by 

(0) C (fail)) C (fail), fa (2)) C (fa(l),fa(2),fa(3)) = C 3 , 

the brackets indicate the span of the vectors, and {fi, fa, fa} is the standard basis 
of C 3 . By taking a generic circle S 1 C T 3 we obtain a circle action with one fixed 
point of index 0, two fixed points of index 2, and Pj 2 , two fixed points of index 4 
and one fixed point of index 6. The weights at the minimum are then {to, n,m + n} 
and the weights at the index-2 fixed points are respectively {— to, n,m + n} and 
{ — 7i, to, to + n}, where to and n are coprime integers which depend on the circle 
S 1 C T 2 chosen. Let t\ and rf be generators of Hg 1 (M;Z). Then they can be 
chosen in such a way that they satisfy property (5.6), and it is easy to check that 
cf 1 = 2(r 1 1 + tI) + 2(to + n), yielding C = 2. 

Taking the above remarks into consideration let us see how to proceed in general. 

1. If none of the m(e)s is negative we have the following algorithm. 

Algorithm 1. If none of the m(e)s is negative, then, for each possible multigraph 
T with connected components I\, . . . , Ti, we look for partitions of 



p=0 



N p [6p(p-1) + 



into \E'\ — \E\ — l-E^I positive integers m(e). Then we add the zeros m(e) = 
whenever the edge e is a cycle and choose, among the resulting sequences of \E\ 
nonegative numbers, those for which 

( Null (A(r,) - diag (m(£y)) ) n Z^' 1 ? 

for every i = 1, . . . , I. 
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When none of the m(e)s is negative we have an upper bound for any constant C 



as in (5.4 1. In fact, since ^4^- is an integer for each edge e S E, we have 



^ C 

e£E' 

where N + 1 is the total number of fixed points. Observe that \E°\ < \E\; in 
fact, since the action is Hamiltonian, none of the edges starting at the minimum 
Po can be a cycle. So \E'\ > 0. Moreover it's easy to see that |£7°| is bounded by 
^iLo mm {^ij n ~ ^i}- By using (4.9) together with the fact that C is a positive 
integer, we obtain 



2Ep=o^ P [6p(p-l) 



5 re— 3n 



Example 5.6 If dim(M) = 6, N = N 3 = 1 and Ni = N 2 = 2, we have 
\E°\<A, ^m(e) = 24 and \E\=9, 

and so C = 1 or 2 whenever |£P| = 0, C = 1, 2 or 3 when |£ | = 1 or 2, and 



C = 1, 2, 3 or 4 if = 3 or 4. Note that Example 5.5 falls into this case 



If we can choose a basis of (M; Z) where the degree-2 generators are canonical 
classes, and there exists an edge between the point of index zero and each point of 
index 2, we can use the bound in (5.7) to improve Algorithm [l] 

Algorithm 2. Assume that we can choose a basis of Hg 1 (M;'E) where the degree-2 
generators are canonical classes. Suppose that there exists a multigraph T such that 
none of the m(e)s is negative and which has an edge et from Pq to P\, for each i 
such that cf (Po)/x > cf {P[)/x; let e\, . . . , e m be these edges. Let Ti, . . . , Ft be 
the connected components ofT. Then for each divisor C of 

N p [6p(p-1) + ], 

satisfying 



1<C < 



n(N + 1) - 2\EO\ 
we look for partitions of 

1 »t r„ / ,\ 5n — 3n 2 n 
-Y / N p [6 P (p-l) + 2 ] 

into \E'\ — \E\ — \E°\ positive integers, 1(e) := with gcd{l(ei), . . . , l(e m )} = 1. 
Then we consider the corresponding integers m(e) = C ■ 1(e), add the zeros m(e) = 
whenever the edge e is a cycle, and choose, among the resulting sequences of \E\ 
numbers, the ones for which 







Null (AfTi) - diag (m(Ei))) ) n Z^ 1 ^ 

for every i = 1, . . . , I. 
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Remark 5.7 (Non-negative multigraphs) One cannot expect in general that 
non-negative multigraphs exist. Indeed, if the number of fixed points is big, meaning 



that the N p s are greater than 1, the right hand side of (4.9|, i.e. J M CiC„_i, can 
be negative. Consequently, requiring all the m(e)s to be non- negative is a very 
restrictive assumption. For example, if dim M = 4, we have Nq — N2 — 1 and 
/ M c? = 10-JV 1; 

However, if given an 5 1 -action we can choose a multigraph such that for every 
edge e € E there exists an isotropy 2-sphere S 2 having i(e) and t(e) as south and 



north pole (e.g. for GKM manifolds, see Section 6.3 v)), then this multigraph is 
positive if Ci is positive on each of these spheres, which happens for example 

• If (M,w) is monotone, i.e. the symplectic form satisfies Ci = C[w] for some 
positive constant C. 

• More generally, when (M,u>) is symplectic Fano, i.e. if, given an almost 
complex structure J compatible with ui, we have Ci(A) > for every A € 
i?2(M) which can be represented by a J-holomorphic curve. 

• If there exist classes er 1 ,...,^ in iJ 2 (M;Z) such that C! = J2i=ifii a ' '■> 
where /?; € Z>o for every i, and for every isotropy sphere Si, there exists j 
such that J S 2 o-i > and J s2 a % > for j ^ i. 



Let us now see how to obtain a finite algorithm from (4.9| even when we cannot 
assume the m(e)s to be non- negative. 



2. If the m(e)s are also negative we proceed as follows. Consider the map ^ 
that to each fixed point P associates the sum of the weights at P, 

cf(P) 



P 



Z 

n 



(5.8) 



i=l 



and let 

D = max{|*(P)|} PGMS x. 

Note that D > since the fact that the action is Hamiltonian yields ^f(Po) > 0. 
Then 



|m(e)| < 



cf(i(e))^cf (t(e)) 

x 



< 2D 



and so we can still construct an algorithm to obtain necessary conditions on the 
isotropy weights, now with a prescribed bound on ty. 

Algorithm 3. Fixing a positive integer D, for each multigraph T with connected 
components T±, . . . , Ti, we look for partitions of 

E„ T ,„ , „. hn — 3n 2 . 
N p [6p(p-1) + ] 

p=0 

into \E\ integers, m(e), with |m(e)| < 2D and choose those for which 

(NuU(A(r0-djag(m(B0))) nZ^' 1 ^0 
for every i = 1, . . . , I. 



NEW TOOLS 



27 



Note that some of the above integers may be zero depending on the existence of 
cycles in T . 

Moreover, suppose that there exists an edge e\ between the point of index and 
every index-2 fixed point P\ such that ^(Pq) 7^ ^>(Pi)', call these edges ex,. . . , e m . 



Suppose that there exists canonical classes r| satisfying (5.6); then we can again 
improve this algorithm. 

Algorithm 4. Fixing a positive integer D, for each multigraph T with connected 
components T\,...,Ti and for each integer C G [1, D] fl Z dividing 

N p [6p(p-1) + ], 

we look for partitions of 

-J2N p [6p(p-l) + - ] 

p=0 

into \E\ integers, 1(e) :— with |l(e)| < 2M. where gcd{l(ei), . . . , l(e m )} = 1. 

Then we choose those for which 

(Null (A(T t ) - diag (m(E,))) ) n zg' 1 ^ 

/or every i = 1, . . . ,1. 

Note that some of the above integers may be zero depending on the existence 
of cycles in T. This algorithm yields necessary conditions for all S 1 -Hamiltonian 
actions with 

I V 

max < y. w iP 
{ i=i 

Remark 5.8 The upper bound for C in the above algorithm can be improved 




when ^ is injective. Indeed in this case we can use Theorem 7.1 (2), which is due 
to Hattori Ha , to prove that C must satisfy 1 < C < N + 1, where TV + 1 is the 
number of fixed points. 

6. Minimal number of fixed points 

Suppose now that the number of fixed points is minimal. Then there are several 
important consequences which are explored next. 

6.1. An explicit basis for the equivariant cohomology. Suppose that (M,oj) 
is a compact symplectic manifold of dimension In with a Hamiltonian S^-action 
and minimal number of fixed points Pq, . . . ,P n . Thus 

fT(M;Z) = iT(CP";Z) 

for all i, and N p = 1 for every p = 0, . . . , n (see Section 2.1.1 1. Let us order the 
fixed points Po, . . . , P n is such a way that X(Pi) = i for all i — 0, . . . , n. 

Tolman shows in [Tl] that, in this case, it is possible to recover the equivariant 
cohomology ring H'^ (M; Z) (and hence H* (M; Z)) from the isotropy representation 
of S 1 at the fixed point set, and she gives an explicit basis for Hg 1 (M;Z) and 
H*(M;Z). Here we review the main results of this construction, together with 
other useful facts. 
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Let c s <E 7?g!(M;Z) be the total equivariant Chern class of the tangent bundle 
and c the total ordinary Chern class, that is, 

n n 

c sl =^cf and c = 5^Cj. 

3=0 3=0 

We recall that, for every fixed point Pj, the restriction of the j-th equivariant Chern 
class to Pi is given by 

c f (Pi) =^j(wn,...,w in )x j , 

where <jj denotes the j-th elementary symmetric polynomial, wn, . . . , Wi n are the 
isotropy weights at Pi, and x is the degree-2 generator of if^ ({Pj}; Z) = 7L\x\. In 

particular, cf 1 (Pi) — (J27=i w in)% (see Section 2.1 1. 

The next result combines Proposition 3.4 and Lemmas 3.8 and 3.23 of |T1| . 

Proposition 6.1 (Tolman). Let the circle act on a compact symplectic manifold 
(M, uj) of dimension In with moment map M — > R, and let Pq, . . . , P n be its fixed 
points, where A(Pj) = i for every i. Then Ci ^ 0. Moreover, 

ip(Pi) < ip{Pj) if and only if i < j , (6-1) 

and 

c sl (P ) - c sl (P-) 

1 1 l ' L±Jl > o if and only if i<j, (6.2) 

x 

where x is the generator of P*(CP°°;Z). 

In particular, the equivariant symplectic form and the first Chern class restricted 
to the fixed point set are injective. 

The following theorem combines Corollaries 3.14 and 3.19 of [Tlj . 

Theorem 6.2 (Tolman). Let the circle act on a compact symplectic manifold (M,uj) 
of dimension 2n with moment map tp: M — > R, and let Pq, . . . , P n be its fixed points, 
where A(P;) = i for every i. 

(1) As a H*(CP°°; Z) = Z[x] module, Hg ± (M; Z) is freely generated by tq, t\, . . . , r n , 
where 



Ti = a II ( c ? - c i and c * = — XF • (6 - 3) 

1 3=0 1 

(In particular, n G Pgl(M;Z) for all i.) 
(2) As a group, P*(M;Z) is freely generated by tq,t\, . . . , r n , where 

n = r( n ) = icj . (6.4) 

(7n particular, Ti £ P 2l (M;Z) /or all i.) 

Here we consider the empty product as being equal one so that tq = tq = 1. 
Note that Tj(Pj) = A~~ and Ti(Pj) = for every j < i — 1. 

Since t*(c s ) is determined by the weights at the fixed points, using (6.3) we can 
explicitly compute i* (r.j). Moreover, by Lemma 2.4 we can compute the equivariant 
Chern classes in terms of the TjS and the ordinary Chern classes in terms of the r^s. 
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Remark 6.3 Since A i = (— x) % \wij\, it follows from (6.2) that C$ € Q>o and 

then Theorem |6 . 2 1 implies that it is a positive integer for all i. In the next sections 
the constant 

w — ~ t ^>o 



Ar 



(6.5) 



will be particularly important. Also, observe that by (6.4), Cj is the unique positive 

integer such that is an integral generator of H 2l (M; Z) for all i = 0, . . . , n. 

Let (r,w) be an integral multigraph associated to the 5 1 -action on (M,w) (see 
Definition 4.9). For every edge e € F, let 

n(i(e))-n(t(e)) _ m(e) 



1(e) 



w(e)x 



As an easy consequence of Lemma 5.4 (4.10) of Theorem 4.7 and the definitions 
above, we have the following result. 

Proposition 6.4. Let (M,w) be a compact symplectic manifold of dimension 2n 
with a Hamiltonian S 1 -action and n + 1 fixed points. Let C\ be the positive integer 
such that —J- is a generator of H 2 (M; Z). Then 



Ci 



C\ divides -n(n + l) 2 . 



(6.6) 



More precisely, let (r,w) be an integral multigraph associated to the S 1 -action on 
(M,cj). Then 1(e) is an integer for every e £ E and 

]T 1(e) = ; ln(n + 1)2 



eeE 



Another important property regarding the constant C\ will be proved in Sec- 
tion [7j As we will see in Proposition 7.5 (7.10) we also have 

1 < Ci < n + 1 . 



(see also Remark 5.8). 

6.1.1. Reversing the circle action. Reversing the circle action, we obtain another 
basis for ipji (M; Z) as a Z[x]-module. More precisely, the elements of this basis are 



T' ,...,T' n , where r- € H 2 \ (M; Z) is given by 

n (cf-cf>i)) with c^ 11 ^ 



_ x {4 (p„_o-cf (p,-)) 



j=n— 



A 



Notice that r,-(P n _i) = A+_, ( and r- (Pj) = for every j > n - i + 1. 

Moreover, as a group, iP*(M;Z) is freely generated by Tq, ... , t^, where i, t- e 
# 2i (M;Z) is given by 



for all i. It is easy to see that C[ is a positive integer for all i and then, since is 
an integral generator of ffll(M;Z), we have, by Remark 6.3 that 

Ci = C[ (6.7) 
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for all i and hence 

Ti = % (6.8) 



for all i. Using (6.8 1 and the ABBV Localization formula (cf. Corollary 2.2) we 
have 

- f r A _, - / = ± _ _ !, (6 . 9) 

for all i = 0, . . . , n. 



Remark 6.5 Observe that equations ( 6.7 1 impose many polynomial relations among 
the weights at the different fixed points. 

6.2. Positive multigraphs. Let us now study conditions that would ensure the 
existence of a positive multigraph in the case where the number of fixed points is 
minimal. 

Requiring all the m(e)s to be positive, is equivalent to requiring 

cf 1 (i(e))-cf 1 (t(e)) n „ 
1 v wy L^J^l > o for every e £ E. 

x 

Since the number of fixed points is minimal, (M,w) is monotone. Indeed, since 
H 2 (M;Z) = Z, we can choose ui such that ci = Ci[w], with [u>] the generator of 
H 2 (M;Z) and C\ a positive integer. Moreover, we can choose the moment map so 
that cf = Ci [oj — tp ® x] , and then all the m(e)s are positive if and only if 

V>0( e )) < V'We)) for every ee£, 

or, equivalently, if and only if 

A(i(e)) < A(t(e)) for every ee E (6.10) 



(cf. Proposition 6.1 ) 



We conclude that, in this situation, we have the following result. 

Proposition 6.6. Let (M,u>) be a compact symplectic manifold with a Hamiltonian 
S 1 -action and a minimal number of fixed points. Let T — (V,E) be a multigraph 
associated to the S 1 -action. Then T is positive (resp. non-negative) if and only if 
its (directed) edges connect points to points with a greater (resp. greater or equal 
index). 

If we can guarantee the existence of positive multigraphs for every action within 
a certain class of circle actions, then we can use Algorithm 1. of Section [5] It is 
then natural to ask whether these multigraphs exist. There are many situations 
where we can guarantee the existence of such multigraphs associated to a given 
circle action. Here we present a few. 



i) Whenever M is four dimensional with 3 isolated fixed points (see Section 8.1 ) 



ii) Whenever M is six dimensional with 4 fixed points: Ahara jAhj and Tolman 
|Tlj prove the existence of a positive multigraph for every such Hamiltonian circle 
action. 



iii) When M is 8-dimensional with 5 fixed points and the S^-action extends to 
a T 2 -action: 
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Proposition 6.7. Suppose that (M,uj) is 8 -dimensional and the S 1 -action has 5 
fixed points. If this action extends to an effective Hamiltonian T 2 -action, then there 
exists a positive multigraph associated to the circle action. 

Proof. To show this we just have to prove that, for each of these actions, there 



exists a multigraph satisfying (6.10) 



For that, let us consider the x-ray of (M,w, <j>), where <f> is the T -moment map, 
given by the closed orbit type stratification X of M, together with the convex 
polytopes <p(X) for each X <E X [T2j . Let Pi be the S^-fixed point with A(Pj) = i. 
Each line in the x-ray is the image of a connected component of the set of points 
with a given 1-dimcnsional stabilizer. If there is no line in the x-ray containing the 
images of Pq and P\ then there are at most 3 lines in the x-ray through <p(Pi). 

If there were 3 of these lines, then there would exist a 4-dimensional manifold 
X G X, fixed by a circle inside T 2 , containing Pi and one additional fixed point. If 
there were 2 lines then we would either have two 4-dimensional manifolds X\ , X2 € 
X (each fixed by a different circle inside T 2 ) containing Pi, or a 6-dimensional 
manifold X £ X fixed by a circle inside T 2 , containing Pi. In the first case, one 
of the manifolds X\, X 2 could only have two fixed points and, in the latter, the 
manifold X would have at most three fixed points. Finally, if there existed just 
one line through <j)(Pi), it would be the image of an 8-dimensional manifold with 
at most 4 fixed points. 

Since the minimal number of fixed points on a 2m-dimensional S^-Hamiltonian 
manifold is m + 1 all the above cases are impossible. Therefore, we conclude that 
there must exist a line in the x-ray containing the images of Pq and Pj. Hence, 
there exists a manifold X G X, a component of the set of points with a certain 
1-dimensional stabilizer, which contains Pq and Pi. Note that, since the T 2 -action 
is effective, we have dimX < 6. Moreover, Pq and Pi are fixed points of the 
restriction of the original S^-action on M to X, respectively of index and 2. By the 
classification of Hamiltonian S^-actions on 4-dimensional manifolds with isolated 
fixed points [K] and the classification of Hamiltonian ^-actions on 6-dimensional 
manifolds with a minimal number of fixed points |Tlj , we conclude that there exists 
a multigraph for this restricted action on X with an edge connecting Pq and Pi . 

Similarly, we can conclude that there exists a manifold I'el which is a com- 
ponent of the set of points with a certain 1-dimensional stabilizer, containing P 4 
and P3, and that there is a multigraph for the restricted 5 1 -action on X' with an 
edge connecting P 3 and P4. 

Since any multigraph for the original S^-action on M restricts to multigraphs 
for the restrictions of the action to X and X' , we conclude that there exists a 
multigraph for the S^-action on M which has an edge connecting Pq to Pi and 
another one connecting P 3 and P4, thus satisfying 

A(i(e)) < A(t(e)) for every e e E. (6.11) 

This argument can be easily adapted to prove the existence of a multigraph 



satisfying (6.11) with a strict inequality. For that, let us consider all multigraphs 
with an edge connecting Pq to Pi and an edge connecting P3 to P4. Then we just 
have to show that among these there is a multigraph with no cycles at Pj. 

Let us consider again the x-ray of (M,lj, </>). If there are 4 lines through <j>{P2) 
then there exist four 2-dimensional ^-manifolds X^ with different 1-dimensional 
stabilizers, having P 2 in their fixed-point set. Since the only compact 2-dimensional 
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manifolds admitting a Hamiltonian circle action are spheres, where the circle acts 
by rotation, they all must have an additional fixed point different from P 2 . Hence, 
the multigraphs for the restricted S^-actions on Xi consist of only one edge with 
P2 at one of the endpoints and another fixed point at the other. We conclude that 
there exists a multigraph for the original S^-action on M that has 4 edges with P 2 
as an endpoint and a different fixed point at the other end (thus with no cycles at 

P2)- 

If there are 3 lines through P2 on the x-ray then we either have two 4-dimensional 
manifolds X\, X2 G X (each fixed by a different circle inside T 2 ) containing P2, or 
a 6-dimensional manifold X G X and a 2-dimensional manifold X' fixed by two 
different circles inside T 2 , with both X and X' containing P2. In the first case, 
both manifolds X\, X 2 have exactly 3 fixed points and, in the latter, the manifold 
X has at most 4 fixed points while X' has 2. 

By the classification of Hamiltonian S^-actions on 4-dimensional manifolds with 
isolated fixed points jK] and the classification of Hamiltonian S^-actions on 6- 
dimensional manifolds with a minimal number of fixed points [Tlj . we conclude 
that, in both situations, there exist multigraphs for the restricted S^-actions on 
these submanifolds that have no cycles at P2. We conclude that in all cases there 
exists a multigraph for the original S^-action on M that has no cycles at P2 and so 
this multigraph is necessarily positive. □ 

iv) Whenever M is 8-dimensional with 5 fixed points and none of the isotropy 
weights of the action is 1: 

Proposition 6.8. Suppose that (M,w) is 8-dimensional and the S 1 -action has 5 
fixed points. If none of the isotropy weights of the action is 1 then there exists a 
positive multigraph associated to the S 1 -action. 

Proof. Observe that, by Lemma |4~2} none of the weights is — 1. A similar argument 
to the one in the proof of Proposition |6 . 7| can be carried out, now using the closed 
orbit type stratification X of the S -manifold M, where we consider the elements X 
of X that are connected components of the set of points with a given finite cyclic 
group Zfe as stabilizer (fc 7^ 1). 

Let us assume that the negative weight at Pi is — k with k > 1. We will show 
that there is at least one weight at P that is equal to k. If this is not the case 
then the number of weights at Pq which are multiples of k (but different from k) 
has to be at least two but at most 3 (since the action is effective). Let X be the 
(connected) component of the points fixed by Z& containing Po and P\. If there 
were two weights at Po which were multiples of k then X would be a 4-dimensional 
manifold admitting an effective S 1 = S^/Z^-action. This manifold would then 
have more than two non-trivial chains of gradient sphere^J which is impossible 
by Karshon's classification results on Hamiltonian S^-actions on 4-manifolds [Kj 
Proposition 5.13]. (Indeed, the negative weight at Pi for this effective action is 
— 1 and none of the weights at Po is 1.) If, on the other hand, there were 3 
weights at Pq which were multiples of k, then X would be 6-dimcnsional. Then 



A chain of gradient spheres is a sequence of gradient spheres Si, . . . , Si such that the south 
pole of So is a minimum for the moment map, the north pole of Si—x is the south pole of Si for 
each 1 < i < I, and the north pole of 5; is a maximum for the moment map. A chain is non-trivial 
if it contains more than one sphere, or if it contains one sphere whose stabilizer is non-trivial. 
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the effective Hamiltonian S 1 = S' 1 /Zfe-action on X would have 4 fixed points (since 
when dim M = 6 and the number of fixed points is not minimal one must have, by 
(2.6), at least 6 fixed points). By Tolman's classification of Hamiltonian actions on 



6-manifolds with a minimal number of fixed points |T1| , none of these manifolds 
has a negative weight —1 at the point of index-2 and no weight equal to 1 at the 
minimum. We conclude that, if the negative weight at P\ is — k with k > 1, then 
there is at least one weight at Pq that is equal to k. 

Similarly, we can conclude that, if the positive weight at P3 is k > 1, then there 
is at least one weight at P4 that is equal to —k and so, given an S^-action satisfying 
the assumptions above, we can always choose a multigraph that is non-negative. 
To show that we can always choose one that is positive we still have to show that 
we can choose a multigraph with no cycles at P2. 

For that, let us assume that we have chosen a multigraph with an edge eoi 
connecting Pq to Pi and an edge connecting P3 to P4 and that, at P2, the action 
has a weight k and a weight —k with k > 1. Let X be the (connected) component 
of the points fixed by containing P2 and consider the effective Hamiltonian S 1 = 
S^/Zfc-action on X. This action has P2 as an index-2 fixed point and so the index-0 
point has to be Pq or Pi. Let Wq = {u>oii • • • > ^04} be the multiset of weights at P 
with wqi the weight associated to the edge eoi, and let W\ — {wn,wi2, ■ ■ • , W14} be 
the multiset of weights at Pi with w\\ = — woi- If there is no weight in Wo\{uioi}U 
Hi\{?«io} that is equal to k, then, again by Karshon's classification of Hamiltonian 
^-actions on 4-manifolds [K] and Tolman's classification of Hamiltonian S^-actions 
on 6-manifolds with a minimal number of fixed points |Tlj , we get a contradiction. 
The result then follows. □ 



v) Whenever the S^-action extends to a "GKM action" on M with a minimal 
number of fixed points: Then there exists a natural multigraph associated to M 
that, when M has a minimal number of fixed points, is the complete graph on the 
set of vertices given by the fixed points (hence positive) . 

Indeed, let (M,u;,</>) be a compact symplectic manifold with a Hamiltonian T- 
action and isolated fixed points, where dim(T) > 1. For every K C T let M A 
be the points fixed by K, t the Lie algebra of T, and t* its dual. Then M is 
a GKM (Goresky-Kottwitz-MacPherson) manifold |GKM| if the weights 
ai,..., On G t* of the isotropy representation of T on TpM are pairwise linearly 
independent, for every fixed point P. This is equivalent to saying that, for every 
codimension one subgroup K C T, the connected components of M K are either 
points or 2-spheres. This class of spaces include two families of well-known spaces, 
coadjoint orbits of a simple Lie group G endowed with the action of a maximal 
torus T C G, and toric symplectic manifolds. 

Fix P 6 M T and let ai, . . . , a n € t* be the weights of the isotropy representation 
of T on TpM. Let Si be the 2-sphere fixed by exp(ker c^) C T for every i = 1, . . . , n. 
Then the T-action on Si has two fixed points P and Q, and the weight of the T 
representation on Tq(S{) is — cq. Assume that the S^-action we are starting from 
is the action of a generic circle inside T, and let ip: M — > K be its moment map. 
Then, we can associate to each of these two spheres an edge going from P to Q, 
with ip(P) < i/j(Q), which is equivalent to saying that the weight of the ^-action 
at P is positive. Since a±, . . . ,a n are pairwise linearly independent, it follows that 
Si fl Sj = {P} for every 1 < i < j < n, and, if M has exactly n + 1 fixed points, the 
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graph constructed above must be a complete, hence positive, multigraph. (For a 
classification of GKM manifolds with a minimal number of fixed points see |Moj . ) 

Remark 6.9 Notice that for every positive multigraph with a minimal number of 
fixed points, there must exist an edge eoi from P to Pi, and an edge e nn+ i from 
P n to P n +i- Moreover, from the definitions in Sections [4] and 6.1 it follows that 
m(eoi) = m(e nn+ i) = d, and so I (eoi) = l(e„„+i) = 1. 

Remark 6.10 Let (M,uj) be a 2n-dimensional compact symplectic manifold with 
a Hamiltonian S^-action and fixed points Pq, . . . , P n . Suppose that there exists an 
integral multigraph T associated to the action which is the complete graph on n + 1 
vertices (hence positive). Then it is easy to see that, by the ABBV Localization 
formula, for every i = 0, . . . , n, we have 

IJ (cf - cf (Pj)J = x '- = n m(e h ), 

jjti 1 h=l 

(6.12) 

where e±,...,e n is the set of edges ending or starting at Pi, and each m(e/,) is a 
positive integer. By ( 4.10[ ) in Theorem 4.7 we have 



c i = 

M J M 



h=l e£E 

1 1 [ 1 1 - t 1 '" 

< 



n(n + 1) 

— n 



2 

n(n + l) 2 n(n - 1) _ n(n 2 + n + 2) 
~~ 2 ~ 2^ ' 

since the graph has n(n + l)/2 edges and m(e) > 1. Then we have 

TT r w /n 2 + n + 2 N " 
[[ m(e,0 < I - 

h=l ^ 

The same argument can be carried out when the action has an integral multigraph 
F for which there exists a vertex Pj connected to the other n vertices of T through 
n (undirected) edges of T. It would be interesting to generalize this estimate to the 
case in which the multigraph does not necessarily satisfy the above property (see 



also Remark 7.13) 



6.3. A refinement of the algorithm. In all the above situations or, in general, 
whenever we are able to guarantee that, within a given class of S^-actions with 
minimal number of fixed points, there always exists a non-negative multigraph for 
each action, we can use Algorithm [l] with slight improvements. 

Algorithm 1 (B). For each possible multigraph T with connected components 
Ti, . . . ,Ti, we look for partitions of 

\n{n + lf 

into \E'\ — \E\ — l-E | positive integers m(e). Then we add zeros m(e) = whenever 
the edge e is a cycle and choose, among the resulting sequences of \E\ nonegative 
numbers, those for which 

(Nun(^(r i )-diag(m(£; i )))) nz^' 1 ^0 
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for every i = 1, . . . , I. 

If, in addition, we know that there exists an edge eoi from Pq to Pi and/or an 
edge e nn +i between P n and P n +i (for instance when the multigraph is positive), 
then we can use Remark |6.9| to further improve the algorithm, adapting Algorithm[2] 
to this situation. Here note that, when we have a minimal number of fixed points, 
the number of cycles \E°\ of a non- negative multigraph satisfies 

n L«/ 2 J n-i 

\E°\ <^2mm{p,n-p} = ^2 p+ ^ (n - p) 

p=0 p=l p=L«/2j+l 

= K2J 2 -(n-i)K2J + ^^ 

2 

%- , if n is even 
< ~~ A — , if n is odd 



and so the constant C in (5.7 1 satisfies 

n(n + l) 2 
" " n(n + l)-2\EO\ - 



2n + 1, if n is even 



2n, if n is odd 



However, by Proposition 6.1 we know that the map ^ defined in (5.8) is injective 
and so we can use Theorem 7.1 to obtain a better upper bound for C, 

1 < C < n + 1, 

which is also the same as the one obtained when \E^\ = 0. 

Algorithm 2 (B). Given a graph T with connected components T\, . . . , T; with an 
edge eoi from Pq to Pi (and/or an edge e nn +i between P n and P n+ i), for each 
divisor C of 



satisfying 

we look for partitions of 



\n(n + lf 



1 < C < n + 1, 



into \E'\ = \E\ — lE'^l positive integers, 1(e) :— ^0 with l(eoi) = 1 (and/or 
I (en n+i ) = lj- Then we consider the corresponding integers m(e) = C ■ 1(e), add 
zeros m(e) = whenever the edge e is a cycle, and choose, among the resulting 
sequences of \E\ numbers, the ones for which 

( Null (A(T<) - diag (m(^))) ) fl zg 1 + 0, 

for every i = 1, . . . ,1. 

Suppose now that we cannot guarantee the existence of non-negative multigraphs 
for every circle action considered and so we have to deal with the possibility that 
the m(e)s might be negative. Then we can use Algorithms [3 and [4] in Section [5] 
noting that, in the case of Algorithm [4j the map 4" defined in ( 5.8[ ) is now injective 
by Proposition |6.1[ and so, by Remark pT8} we again have 1 < C < n+ 1. 
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6.4. Known examples of ^-Hamiltonian manifolds with minimal number 
of fixed points. Let us now describe the known examples of Hamiltonian circle 
actions with a minimal number of fixed points. However, since the first three 
examples arise as coadjoint orbits of simple Lie groups, we first review a few general 
facts. 

Let G be a compact simple Lie group with g = Lie(G), and let T C G be 
a maximal torus with t = Lie(T) and t* = Lie(T)*. Let A C t* be the set of 
roots of G, and Ao C A a choice of simple roots. We use the Killing form to 
regard t* as a subspace of q* . The coadjoint orbit through a point p e t* , O po , 
is a compact manifold with a natural symplectic structure given by the Kostant- 
Kirillov symplectic form ui. It also inherits a natural Hamiltonian G- action, whose 
moment map is given by the inclusion O po <— >• q* . Thus, restricting the action to a 
generic circle S 1 C T, the compact symplectic manifold (O P0 ,uj) has a Hamiltonian 
^-action with moment map ip: Po q* —> Lie(S 1 )* ~ W, where the second 
map is the projection map. 

Example 6.11 (The complex projective space) 

Let G = SU(n + 1), and T n C G the torus of diagonal matrices. Let {xo, ■ ■ ■ ,x n } 
be the standard basis of Then a standard choice of simple roots is 

Ao = {%% — Xi + \ =aj|0<i<n — 1}. 

Let po be a generic point in fl^Zj 0i ai , where 'K ai C t* is the hyperplane orthogonal 
to oti- Then O po is isomorphic to CP™. Let S 1 C T be a generic circle generated 
by £ = (£o> ■ ■ ■ > £n) € t such that = & - &+i € Z >0 for every i = 0, . . . , n - 1. 

A standard computation shows that the S 1 -fixed points are 

i-th 

{Pi = [0,...,^,...,0] I z = 0,...,n}, 

the set of weights at Pj is given by 

{6-0|0<j^i<n}, 

and A(Pj) = i for every i = 0, . . . , n. 

A natural choice of integral multigraph is the complete graph onn + 1 vertices, 
which is also the GKM graph associated to CP™ equipped with the T™-action (see 



Section 6.3 v)). 

It is well known that, in this case, the unique positive integer C\ for which c±/Ci 



is a generator of H 2 (CP";Z) is n+ 1, which agrees with (6.5). 



Example 6.12 (The Grassmannian of oriented two planes in M 2n+1 ) 

Let G — SO(2n+l) and T n a maximal torus and let us identify t* with (K n )* with 

standard basis {xo, . . . , x n ~i}- Then a choice of simple roots is given by 

A = {x t - x i+ i =a>i, i = 0, . . . ,n - 2} U {x n -i = a„_i}. 

Let po be a generic point in nJtZ^ 0i ai , where ?{ Qs C t* is the hyperplane orthogonal 
to ctj. Then O po is isomorphic to Gr^(M 2 ' i+1 ), the Grassmannian of oriented two 
planes in ]R 2n+1 , which is a symplectic manifold of dimension 2(2n — 1). Let S 1 C T 
be a generic circle generated by £ = (£ , ■ ■ ■ ; £n-i) £ t sucn that Qij(£) € Z >0 for 
every i = 0, . . . , n — 1. Then a standard computation shows that this action has 2n 
fixed points, which can be identified with the elements y^s of t* given by 

HQ = ~X0i • • ■ i Vn—l — ~ x n—li Vn — %n-l> ■ ■ ■ > Vln-X = ^0 • 
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Moreover, the weights at yi are given by 

{(Vi - W)(0 I 3 £ h 3 2n - 1 - U {-y<(0}, 
and A(j/i) = i for every i. Observe that, since Gr£ (R 2n+1 ) is a Hamiltonian S 1 - 



manifold with a minimal number of fixed points, by the argument in Section 2.1.1 
we have 

iP(GV+(M 2n+1 );Z) = iJ^CP 2 "" 1 ; Z) 

for every j — 0, . . . , 2(2n — 1). However the cohomology ring is different. 

As in the previous example, a natural choice of integral multigraph is the com- 
plete graph on 2n vertices, which is also the GKM graph associated to Gr\ (R 2n+1 ) 



equipped with the T ra -action (see Section 6.3 v)). 

It is well known that, in this case, the unique positive integer C\ such that Ci/C\ 
is a generator of H 2 (Gr^ (R 2n+1 ); Z) is n, which agrees with the definition of C\ in 



(6.5) 



Example 6.13 Let Gi be the exceptional simple Lie group and T 2 a maximal 
torus. Let po be a generic point in 'K ai , where ai denotes the short simple root, 
and J£ Ql the hyperplane orthogonal to it. Then O po is a 10-dimcnsional coadjoint 
orbit with an 5* 1 C T 2 -Hamiltonian action and 6 fixed points. The T 2 -action is also 
GKM, and hence a natural choice of multigraph is the complete multigraph on six 
vertices (for more details see |Mo] ) . 

Example 6.14 (The Fano manifolds V§ and V22) 

Let (M 6 ,w) be a 6-dimensional compact symplectic manifold with a Hamiltonian 
^-action and 4 fixed points. Let C\ be the unique positive integer C\ such that 



C1/C1 is a generator of iJ 2 (M;Z) (see Remark 6.3). As we will see in (7.10) in 
Proposition |7.5( C\ can be either 1,2,3 or 4. As examples of manifolds with G\ 
equal to 3 and 4 we have respectively Gr^(IR 5 ) and CP 3 (see Examples 6.12 and 



6.11 1. For the remaining two cases we have two Fano 3-folds, which are known as V5 
and V22 ■ Indeed, McDuff [M] proved that they can be explicitly given a symplectic 
structure, and they possess a Hamiltonian S^-action. These Fano manifolds have 
the following properties: 

• V5: Here C\ — 2, the cohomology ring is 

H*(V 5 ;Z)=Z[x 1 ,x 2 ]/(x 2 1 -5x 2 ,x 2 2 ), 
and the isotropy weights at the fixed points are 

{{1,2,3}, {-1,1,4}, {-1,-4,1}, {-1,-2,-3}}. (6.13) 

• V22' Here C\ = 1, the cohomology ring is 

H* {V 22 ; Z) = Z[xi, x 2 ]/{x\ - 22a: 2 , x 2 ), 

and the isotropy weights at the fixed points are 

{{1,2,3}, {-1,1,5}, {-1,-5,1}, {-1,-2,-3}}. (6.14) 

There is exactly one positive multigraph associated to these two actions, which is 
shown in Case III of Figure |8.3| 
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7. Implications of Hattori's results in the symplectic category 

In this section we recall some of the results obtained by Hattori in |Haj . and 
show how they can be used to obtain relations among the Chern numbers of a 
compact symplectic manifold (M,w) endowed with a Hamiltonian circle action and 



minimal number of fixed points. In particular, in Theorem 7.11 we derive their 
consequences in the case in which M is 8-dimensional. 

Let (M, J) be a compact almost complex manifold of dimension 2n, equipped 
with an 5 1 -action which preserves J, and has isolated fixed points Pq,...,Pn- 
Then the set of weights of the S^-representation on TpM is well-defined for all i. 
Let {tun, . . . , Wi n } be the multi-set of weights at Pj. 



Let L be an admissible complex line bundle over M (see Section 2.3). Then for 
any lift L there exist integers ao, • • • , a/v such that 

h sl (Pi)=t a * for every i = 0, . . . , N , (7.1) 



which are determined up to a constant. Following the terminology in |Haj . we say 
that an admissible line bundle L is called fine if the 1-dimensional representations 
h s (Po), . . • , L s (P/v) are pairwise distinct, i.e. if cij ^ a,j for every i 7^ j. Moreover, 
it is called quasi-ample if it is fine and f M Ci(L)" 7^ 0. 

Let L be a fine complex line bundle and h s an equi variant extension. For every 
i = 0, . . . , N define 



JJ(l_t«W-aj) 

i±i 

n 

n(i-^) 



<Pi(t) ~ ^ ■ (7.2) 



k=l 



Notice that 



^(i- 1 )=ind sl f]l (l - (L 51 )" 1 ^) j 6ZM" 1 ], 



(7.3) 



and so (fi(t) £ Z[t, t~ x ]. 

In the following we recall Theorems 4.2 and 5.7 in |Haj . specializing them to the 
case of almost complex manifolds as well as other useful facts proved in [Ha] . 

Theorem 7.1 (Hattori). Let (M, J) be a compact almost complex manifold of di- 
mension In, equipped with an S 1 -action which preserves J and has isolated fixed 
points Pq, . . . , Pjv Let L be a fine complex line bundle, and for every i = 0, . . . , N , 



let fi{t) € Z[t,t ] be as in (7.2). Then there exists a unique sequence ro(t), ... ,r?j(t) 



of elements ofZ[t,t x ] such that 

fi(t) = r (t) + n(t)t a ' +■■■ + r N (t)t Na > for all 
Moreover, the r s (t)s satisfy the following properties: 
(1) 

N (\ 

r (t) = Todd(M) = V A 
* — ' V n 

t=o v 

where Xi is the number of negative weights at Pi . 
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(2) If there exists fco G Z^o and d £ Z such that 

n 

w%k = fco a i + d for all i = 0, . . . , N , (7-4) 

k=l 

then k ^ N + 1. 

(3) In |2]), if k Q > 0, £/ien, setting Iq = N + 1 — k , we have 

r s (t) — /or a/Z s > Iq , 

and 

r io _ s (t) = (-l) Ar -"r s (i- 1 )t-( rf +^ a ^ for fl < J„ ■ 

(4) In if k = 0, t/ien r = and 

r W+ i- s (t) = (-l) A '- n r s (t- 1 )t-( d +^ a ^ /or l^s^TV. 
More explicitly, the functions r s (t)s are given by 

E^-(a J1 H ha js ) 

r,(t) = (-l) s V Jl< -^!;^ : . (7.5) 

For every s = 0,...,N, let fc s (L sl ,t) be the S^equi variant bundle associated to 
L s defined inductively on s by 



and 



fcoOL 5,1 ^) = 1 

k s (h s \t)= (i ajl -L Sl )-"(t Qjs -L sl ) 

f N - s + v 



(7.6) 



n<---<3s 



E 

i/=i 



(-l 5 yk s _„{h»',t) 



(7.7) 



(7.8) 



Then, for every s = 0, . . . , N, the functions r s (i)s satisfy 

r s (t- 1 ) = (-l) s ind sl (fc s (L sl ,t)) . 

Theorem 7.2 (Hattori). Let (M, J) be a compact almost complex manifold of di- 
mension In, equipped with an S 1 -action which preserves J and has isolated fixed 
points. Assume the Euler characteristic of M is n + 1. If h is a quasi-ample com- 
plex line bundle satisfying (7.4 1 with fco = n+1 then the multisets of weights of the 
S 1 -action at each fixed point Pi are given by 

{wik} = {a,i ~ ajjj^i, 



where ao, . . . ,a n are defined up to a constant as in (7.1). In particular, the multisets 
of weights coincide with those of CP n with the standard circle action described in 
Example 6.11 (with L the hyperplane bundle). 



In the following, we derive the consequences of Theorem 7.1 when (M,oj) is a 
compact symplectic manifold of dimension In with a Hamiltonian S^-action and 
a minimal number of fixed points Po,...,P n . As usual, we endow (M,w) with 
an almost complex structure J compatible with ui, which is invariant under the 
S 1 -action. 
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Definition 7.3. Let (M,w) be a compact symplectic manifold with a Hamiltonian 
S 1 -action with a minimal number of fixed points. Let ip: M — > R be the moment 
map. We say that uj — ip <g> x is 

(i) integral if [uj - ip ® x] G H 2 gl (M; Z) (Tierace [w] G H 2 (M; Z) 

(ii) primitive if it is integral and [uj] is a generator of H 2 (M;Z); 

(iii) positive if ci is a positive multiple of [uj] . 

Lemma 7.4. Le£ (M,a>) be a compact symplectic manifold with a Hamiltonian S 1 - 
action and moment map ip: M — ► K. // t/ie number of fixed point is minimal, it is 
not restrictive to assume that u) — ip ® x is primitive and positive. More precisely, 



let T\ and t\ be the classes defined in (6.3 1 and (6.4). Then we can assume that 
[uj — ip ® x] = T\, and so [uj] = t\ and Ci = C\ [uj] . 

Proof. Since if 2 (M;Z) = Z and [oj] ^ 0, we can rescale the symplectic form oj in 
such a way that [uj] is an integral generator of i? 2 (M;Z). So [u] = ±fi. Since 



the kernel of the restriction map (2.2) is the ideal generated by x, we have that 



[w — ip®x] = ±Ti+ P(x), where P(x) is a constant polynomial in x. Hence, modulo 
translating the moment map ip, we can assume that [u) — ip®x] — ±Ti G flji (M; Z). 
By definition of T\ we have that t\[Pq) = and Ti(Pi) = kx, where k G Z<o, and 
ip(Po) < ip(P\). We can then conclude that [ui — ip <E> x] = r\. □ 



The next proposition is an easy consequence of Theorem 7.1 



Proposition 7.5. Let (M,u;) be a compact symplectic manifold of dimension 2n 
with a Hamiltonian S 1 -action and moment map ip: M — > K. Assume that there is 
a minimal number of fixed points Pq, . . . ,P n and that lu — ip ® x is primitive and 



positive. Let C\ be the positive integer defined in (6.5). Then, 

(i) there exists a quasi-ample complex line bundle L such that cf (L s ) — 
[oj - ip ® x] and L sl (P) = t~^ p '\- 

(ii) there exists d G Z smc/i t/iat 

rt 

Wife = —Ciip(Pi) + d /or a/Z i = 0, . . . , n , (7-9) 



k=l 



and 



UCi<n+l. (7.10) 

Proof, (i) The existence of a complex line bundle L such that the ^-action lif ts to 
L and cf (L s ) = [u) — ip (g) x] G P|i (M; Z) is a direct consequence of Theorem 



2.5 



It follows that L s \Pi) = t-M p *\ and hence L s ' is fine by ([o]). Finally, L is 

quasi-ample because J M Ci(L)™ = J M [w]™ 7^ 0. 

(ii) By Lemma |7.4| we can assume that [uj — ip ® x] =r\, thus 



Y J Wik\x = c s l 1 {P i ) = C 1 Tx{P i ) + cf{Po) - (-C^(P) + d)x 



Then, by (2) in Theorem 7.1 we have that 1 < Ci < n + 1. □ 



Remark 7.6 The bundle L is usually called the pre- quantization line bundle for 
(M,uj), and its equivariant extension h s the S 1 -equivariant pre- quantization line 
bundle for (M,u,ip) (cf. [GGK]). 
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Combining Theorem |7.1| with Proposition |7.5| we obtain the following result. 

Corollary 7.7. Let (M,cj) be as in Proposition 7.5 and letl^ s be the S 1 -equivariant 
pre- quantization line bundle. For every s = 0, . . . ,n, let r s (t) e Z[i, t^ 1 ] be the ele- 
ment associated to h s , as defined in (7.5) , and let Iq = n + 1 — C\ . Then 



M 



= ro (l)+ri(l) + ..- + r Io (l); (7.11) 

• r (l) = Todd(M) = 1; (7.12) 

• r s (l) = rj Q _ s (l) for all ^ s Iq and r s (t) = for all s > Iq . 

(7.13) 



Proof. By Proposition 7.5 we can apply Theorem 7.1 to L. Thus (7.12) and (7.13) 



are direct consequences of Theorem |7.1[ which also implies that 
Vi(l) = ro(l)+ri(l) + -.. + ri (l), 

where <fi(t) £ Z[t,t _1 ] is defined in (7.2). Hence, we just have to prove that 
<Pi(l) = J M [uj] n . Consider the commutative diagram (2.13). By (7.3) we have that 



cp i (l)=r ind SI nf 1 -^ 51 )" 1 ^) -ind^-L- 1 )" 




Using the Atiyah-Singer formula, and the fact that Ch^l-lT 1 ) = EfetiM)^ 1 lj TT 
we obtain 

¥ j i (l) = ind(l-L- 1 ) n = f C!h(l-L- 1 ) n T(M)= / [w] n , 

Jm Jm 

which completes the proof (cf. |Hal Lemma 3.6]). 



□ 



By an argument similar to the proof of Corollary 7.7 equations (7.12) and (7.13) 
can also be turned into equations involving the Chcrn numbers of the manifold. 
Namely, by ( 7.8 1 we have that, for every i = 0, . . . , n, 



r<(l) =(-l)V (md 8 i (fc^l/ 1 ,*))) - (-l)Mnd(fc,(L,l)) . (7.14) 

However, the explicit computation of ind(fci(L, 1)) is harder to do in general. In 
Theorem 7.11 we will compute these values in the case in which M is 8-dimcnsional. 
For that we first have to prove the following results. 

Lemma 7.8. Let (M,w) be a compact symplectic manifold of dimension 2n with a 
Hamiltonian S 1 -action with n + 1 fixed points. Let r be an element of H 2 (M; Z). 
If ii is even then 



where Q is the unique integer such that r™/ 2 = Qr„/ 2 (see Theorem 6.2) 



Proof. Le {ri}™ =0 be the basis of H*(M;Z) defined in Q and {r-}f =0 the basis 
of H*{M;Z) obtained by reversing the flow (cf. Section |6.1.T| ). Then, by ( [678] ), 
T n /2 =^n/2' an d hence ( |6~9j ) implies that J M r 2 /2 = J M T n / 2 T' n/2 = 1, and the result 

□ 



follows. 

Corollary |7.7| together with Lemma |7.8| imply the following proposition 
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Proposition 7.9. Let (M,u) be as in Proposition 7.5 Then, 



(i) if C± = n + 1 we have f M [ui] n = 1; 

(ii) if Ci = n we have J M [uj] n = 2 and n is odd. 



Proof, (i) If d 



1, then by (7.13) in Corollary 



P 



we have r s (t) — for all 
= r (l) = 1. 

n, then, by Corollary (7.7), we have r s (l) = for all s > 1 and 

r (l)+n(l) = 2, 

and, since [lu] £ iJ 2 (M;Z), Lemma (7.8) implies that n is odd. □ 



s > 0, and then, by (|7.11| and (|7.12|), it follows that 
(ii) If Ci 

r (l) = n(l). Combining ( |7.11[ ) and ( |7.12| ) we have that J M H™ 



Recall that, when (M,w) is a compact symplectic manifold of dimension 2n 
with a Hamiltonian S^-action with a minimal number of fixed points, we have 
iP(M;Z) = H l (CP n ; Z) for every i (see Section 2.1.1 ). The next proposition shows 
what is the minimal information required to compute the ring structure of H*(M; Z) 
and the total Chern class when M is of 8-dimensional. 

For an 8-dimensional manifold, the total Todd class is 



T(M)=^T i = l- 



Cj. 

" 2 



c 2 
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ClC 2 

" 24 ' 



-CT 



Acl c 2 



3ci 



C1C3 — C4 



720 



£ H*([ 



where Tq is the term of degree 2i in H*(l 

by 



(7.15) 

for all i, and the Todd genus is given 



Todd(M) = 



-CT 



4c?c 2 



C1C3 — c 4 



720 



(7.16) 



(see Section [3]). 



Proposition 7.10. Let (M,w) be a compact symplectic manifold of dimension 8, 
with a Hamiltonian S 1 -action and 5 fixed points. 

(i) Let C\ and C 2 be the constants defined in (6.3), and I :— C 2 /C 2 . Then 
I G Z>o and 

H*(M;Z) = r L[xi,X2,xz]/{x\ - lx 2 ,xix 3 - x\ 1 x\ 1 x\,x\,X2X- i ) , 

where xi, a; 2 , X3 have degrees respectively 2, 4 and 6. 

(ii) There exists m £ Q such that c 2 = mx\, and the total Chern class is given 
by 

c(TM) = 1 + C x x\ + (I m)x 2 + (50/Ci)x 3 + 5x x x 3 . 
Moreover C\ , m and I satisfy 



1 2 {-Ct + AClm + 3m 2 ) - 675 = 



(7.17) 



In particular, H*(M; Z) ~ i?*(CP 4 ; Z) as rings if and only if I = 1, and the total 
Chern class c(TM) agrees with the one of CP 4 , if and only if C\ = 5 and Im = 10. 



Proof, (i) Let x% :— ri, x 2 := t 2 and X3 := T3 (see Theorem 6.2). Then it is 
easy to see that x\ = (C 2 /C 2 )x 2 . Moreover, since C 2 is positive, it follows that 
I £ Z>o- Since iJ 8 (M;Z) = Z, it follows from (6.9) that ii 13 = x\ = T4, and 
a;f = ^2 = x\ — x 2 x 3 — by dimensional reasons. Moreover, using (6.9), it is easy 
to see that these relations imply x\ — I 2 x 3 and x\ x 2 = I x 3 . 
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(ii) By (i) x\ ^ 0, so there exists m € Q such that C2 = m x\ = (m Z)x2 (which 
implies in particular that ml is an integer). Let a G Z be such that C3 = ai 3 . 



Then by (3.7) in Corollary 3.1 and (6.9), we have 



C1C3 = Cia / X1X3 — Cia — 50. 
m Jm 



Finally, let f3 <E Z be such that C4 = /3xia:3. Then, by (3.5) and (6.9), we have 



c 4 = P = 5. 



Now by (7.12) in Corollary 7.7 and (7.16), we have that 



-cf + 4c 2 c 2 + 3c 2 . + C1C3 - c 4 
720 



Todd(M) = 1 



and so, by (6.9), we have J M x\ — I 2 , and (7.17) immediately follows. 



(7.18) 
□ 



We are now ready to prove the main theorem of this section. 



Theorem 7.11. Let (M,cj) be a compact symplectic manifold of dimension 8, with 
a Hamiltonian S 1 -action with moment map ip: M — > K 7 and 5 fixed points. Suppose 
that [lo — -0 €5 x] is primitive and positive, so that Ci = Ci[w]. 

Then Ci is either 1 or 5. Moreover, the cohomology ring _ff*(M;Z) and the total 
Chern class c(TM) agree with the ones of CP* if and only if C\ = 5. 

Proof. Let [ui— ip®x] — t\ € if^i (M; Z) be the equivariant symplectic form and L s 
the 5' 1 -equi varia nt line bundle such that cf 1 (L sl ) = [oj — tp^x] (see Lemma 



7.4 



and 

Proposition 7.5 ). For every s = 0, . . . , n, let fc s (L 6 , £) be the bundles associated to 
L s as defined in (I7l5|) and (f7~7l). Thus we have that 

fco(L,l) 



fc s (L,l) = 



1 and 
n + 1 



)(i-Lr-E 



n — s -f- v 
v 



(-L) y fc s _,(L,l), 



yielding 
fc (L,l) 

fciOM) 

fc 2 (L,l) 
fc 3 (L,l) 
fc 4 (L, 1) 



= 1 



n + 1 - L 
n(n + 1) 
2 

n(n 2 — 1) n(n + 1) 

6 2 
n(n 3 — 2n 2 - n + 2) n(l — n 2 ) 



- (n+ 1)L + L 2 , 

L + (n + 1)L 2 



- L 3 , 

+ 2 



24 



6 



- (n + 1)L 3 +L 4 . 

(7.19) 
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Since M is 8-dimensional, using the fact that Ch(L) = £)£=o ^ and ( ff7l9| ), it 
is easy to verify that 



Ch(fcoCM)) = 


1 , 


Ch(fci(L,l)) = 


4- 


Ch(fc 2 (L,l)) = 


6- 


Ch(fc 3 (L,l)) = 


4- 


Ch(fc 4 (L,l)) = 


1 - 



*M 2 --M 3 



24 



24' 



24 1 



(7.20) 



Using the Atiyah-Singer formula and (7.14), we have 



= {-IT / Ch(^(L,l))T(M) 



which, together with (7.20) and the expression of the total Todd class T(M) in 

-cf + 4c 2 C 2 + 3c 2 + C!C 3 — c 4 



(7.15 1, implies that 
ro(l) = 
ri(l) = 
ra(l) = 
ra(l) = 
r 4 (l) = 



J 



-4T n 4 



720 

[w]cica + M 2 (cf + c 2 ) + 2M 3 d + 



24 



6T 4 



-4T f 



-3Mcic 2 - [of (c 2 + c 2 ) + 6M 3 ci + ll[u] 4 
24 

4 , 3[w]c lCa - H 2 (c? + c 2 ) - 6[«] 3 d + 







24 



T 4 



j] Cl c 2 + [H 2 (c 2 + c 2 ) - 2[^] 3 Cl + M 4 
24 



Since w — tp €5 x is primitive and positive, by Lemma 7.4 and Proposition 7.10 



we 



have [ui] = t\ = x\. Let I £ Z>o and to € Q be defined as in Propositio n |7.10 
Then J M [w] 4 = I 2 . Using ^J^, J M c 4 = 5 and J M Cic 3 = 50 (see Q and (|3.7[) in 
Corollary |3.1[ ), we have that 

;2 

n(l) = - 4 + ^(Cito + C* 2 + ?7i + 2d + 1), 

72 

r 2 (l) - 6 + _(-3Cim - C 2 - to + 6Ci + 11), 
r 3 (l) = - 4 + ^(3dm - C 2 - to - 6d + 11), 



^(1) = 1 + ^jC-Cim + C 2 + to - 2Ci + 1). 



(7.21) 



By (7.10) in Proposition 7.5 we know that 1 < C\ < 5. Moreover, by ( |6.6| in 
Proposition |6.4[ Ci divides 50, so C\ cannot be 3 nor 4. 
If C x = 2, Corollary [771 gives 



n(l)=r 2 (l), r 3 (l) = l, r 4 (l)=0 
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and I 2 = 2 + 2ri(l). It is easy to check that, using the expressions in (7.21), all 
these conditions give the same equation, namely 



24 + I 2 - l 2 m = 



Combining (7.17) and (7.22), we get that m 



97 ± V97 



m must be rational. Hence, G\ is either 1 or 5. 

If Ci = 5, Proposition 
observed before, 
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(7.22) 



which is impossible, since 



7.9 



(i) implies that J N 



1. On the other hand, as we 



with I £ Z>o, and so I = 1. By (7.13) in Corollary 7.7 we have r s (l) = for all 



s > 0, and, using one of these equations together with the expression of r s (l) given 
in (7.21), we get m — 10. By Proposition 7.10 we can conclude that, if C\ = 5, 



the cohomology ring and Chern classes are standard (i.e. they agree with those of 
CP 4 ). 



If C\ = 1, by Proposition 7.10 (ii), it follows immediately that the total Chcrn 
class is not standard. In order to prove that the cohomology ring is not standard, 



by Proposition 7.10 (i), we need to prove that 1^1. It is sufficient to observe that 
for I — 1 (7.17) does not have any rational solutions. □ 



Remark 7.12 Notice that Theorem |7.11| also proves the Petrie conjecture when 
(M,w) is an 8-dimensional compact symplectic manifold with a Hamiltonian S 1 - 
action and 5 fixed points. However this result is not new, see |Jaj . 



Remark 7.13 It is natural to ask whether the equations in Corollary |7.7| give 
more information when C\ = 1. Unfortunately they are all identities, and the only 



meaningful equation is (7.17), which, in this case, is 



3m 2 ; 2 + 4mP - P = 675 . 



(7.23) 



However, we can find a lower bound for J M [oj] a — I 2 . In fact, it is easy to see that the 



first values of / for which (7.23) has rational solutions arc I = 15,25,40,60... thus 



implying that / M M 4 > 225. In the Kahler case, by a Chern inequality following 
from the Calabi Conjecture, the only possible values of / M [^] 4 = J M c\ are 225 and 
625 (see |W[ IT] ) ■ It would be particularly interesting to know whether one can get 
an upper bound using symplectic techniques (see also Remark |6.10[ ). 

Remark 7.14 When M is 6-dimensional we have, 1 < C\ < 4 and, by Proposi- 
tion [7Jj 

• if Ci = 4, then J M cf = 64; 

• if Ci = 3, then j M cf = 54. 



Moreover, by (3.5| and ( |3.7| ) in Corollary 3.1 we have J M C1C2 = 24 and J M C3 = 4 



Hence, if C\ = 4, the Chern classes are standard, i.e. they agree with the ones 
of CP 3 and when C\ = 3 they agree with the ones of Gr^~(IR 5 ), the Grassmannian 
of oriented 2-planes in R 5 . 

However, when C\ is either 1 or 2, the equations given by Corollary |7.7| are all 
identities. 
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8. Minimal number of fixed points: classification results 

Let (M,w) be a compact symplectic manifold of dimension 2n equipped with a 
Hamiltonian 5 1 -action with a minimal number of fixed points Pg, P%, . . . , P„, with 
A (Pi) = i. We will now apply our algorithms towards a classification of these 
actions. Assuming that the S^-action satisfies (Tj), we use Algorithms [jjB) and 
[2|B) according to the existence of an edge from Pq to Pi and/or an edge from P n -i 
to P n , and we obtain a list that necessarily contains all possible isotropy weights. 
Then we take into account several simple properties satisfied by the isotropy weights 
in order to reduce the number of possibilities: 

• at each fixed point, the isotropy weights must be coprime integers; 

• at the fixed point Pi the first i weights are negative and the others are 
positive; 



by (6.51 and (6.7 1 we must have 

F = a+ ' ( } 

where A^ = wnx, with wn the unique negative weight at Pi, and A^_ x = 
Wn-in x i with w n -i n the unique positive weight at P n _i; moreover, the 



number in (8.1) must be a positive divisor of hn(n + l) 2 smaller or equal 



to n + 1; note that (8.1) can be rewritten in terms of the isotropy weights 
as 

En \-~\n \-~\n 

j = l W lj ~ Ej = l W 0j _ L,j = l w n-lj -22j = l w nj 

Wn W n -i n 



when dim M = 8 we know by Theorem 8.3 that the number in (8.1 ) must 
be equal to 1 or 5; 



• the isotropy weights must satisfy the equations in (1.1). 
Moreover, whenever the graph has multiple edges, there arc other simple properties 
that the isotropy weights must satisfy. These are summarized in the following 
technical lemmas. 

Lemma 8.1. Let S C E be a set of multiple edges between two fixed points P and 
Q (i.e. i(e) = P and t(e) = Q for every e € S) with \S\ = n — 2, and assume that 
n > 3. For F 6 {P, Q} let Ep — Ep \ U Ef,x be the set of edges such that either 
i(e) = F or t(e) = F. If there is an F e {P, Q} such that E F \ S C E° then the 
isotropy weights corresponding to the multiple edges in S must be coprime. 

Proof. Define E^ to be E F D E° and let us assume, without loss of generality, that 
Ep\S = E ( p ) . If 

gcd{|w(e)|} = k > 1 

e£S 

and r is the absolute value of the weight corresponding to the cycle e € Ep, then, 
since the action is effective, we must have gcd{/c, r} = 1. Consequently, the isotropy 
submanifold fixed by Zf. is a 2(n — 2)-submanifold with an effective S 1 = S 1 /Zfc- 
Hamiltonian action with only two fixed points which is impossible. □ 

Lemma 8.2. Let S C E be a set of multiple edges between two fixed points P and 
Q and let £ = \S\ and n > 2. 

(1) If£>n-lthengcd ees {\w(e)\} = l. 
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(2) For every integer 2 < r < £ and every subset S C S with \S\ — r, there exist 
edges e± G Ep \ S and € Eq \ S whose isotropy weights are multiples of 
9 : = g cd ee s{K e )l}- 

Proof. If I — n then, since the action is effective, we must have gcd ee 5{|u>(e)|} = 1. 
If £ = n — 1 and gcd egS {|w(e)|} = k > 1 then, denoting by r the absolute value 
of the weight corresponding to the edge in Ep \ S, we have gcd{fc,r} = 1 since 
the action is effective. Then the isotropy submanifold fixed by Z& is a 2(n — 1)- 
submanifold with an effective S 1 = S 1 /1ik Hamiltonian action with only two fixed 
points which is impossible and so we must have k = 1. 

To prove (2) we see that if there exists a subset S C S for which there is no edge 
in Ep \ S with weight a multiple of g := gcd eS g{|w(e)|}, then there is an isotropy 
submanifold of dimension 2\S\ fixed by Z ff with only two fixed points which is 
impossible. Similarly, we conclude the same for Q. □ 

We first run Part I of the Mathematica file MinimallW . nb to generate the list 
of possible non-negative multigraphs. Then we run Part II of this file to produce 



the list of the determinants of the matrices A(Ti) — diag(m(£Jj)) in (4.8). Note that, 
when the graph has more than one connected component, this file yields the sum 
of the squares of determinants of these matrices since this sum is zero if and only if 
all the determinants are zero. Then we run the C++ files NewPartitions^ . cpp, 
where denotes the number of the multigraph in the list above, to obtain par- 
titions of \n{n + l) 2 into n{n + l)/2 non-negative numbers m(e) (according to 
Algorithms [T^B) and[2]jB), depending on the existence of an edge from Pq to Pi 
and/or an edge from P n ~i to P n ), for which all the determinants of the matrices 
A(Ti) — diag(m(£'i)) are zero. Then we run Part III of MinimallW. nb to sort 
these partitions according to the rank of the matrices, dividing them into two sets: 
those that originate matrices of rank \E\ — 1 and those that originate matrices 
of lower rank. In the first case, Part III of the file MinimallW . nb also selects 

I -El 

those partitions that originate matrices with nullspaces intersecting ZL '. Part 
IV of MinimallW. nb considers the first set of partitions, producing a list of the 
corresponding isotropy weights 

w(E) e ( Null (A{T) - diag (m(E))) ) n Z |S| 



>o> 



and checking if they can satisfy the polynomial equations in (1.1). Part V of 



MinimallW. nb considers the second set of partitions. It begins by selecting 

I E I 

those that yield matrices with nullspaces intersecting Z^J (Part V a.), and pro- 
ducing the list of the corresponding isotropy weights (Part V b.). Then it selects 
those that possibly verify the properties listed in the beginning of this section as 



well as Lemmas 8.1 and 8.2 At each step, the resulting lists of isotropy weights 
are saved in different files so that it is easy to verify which isotropy weights are 
discarded at each test performed. All the relevant files can be downloaded from 
http : / / www . math .ist.utl.pt/ ^lgodin /Minimal Act ions . html. 

In the following we list the results obtained when the dimension of M is 4, 6 or 
8. Note that b[i] denotes a positive integer for every i. 

8.1. Dimension 4. When M is 4-dimensional, it is easy to see that the only two 
possible multigraphs that can arise are those in Figure |8.1| Thus, by Proposi- 
tion |6.6| they are non-negative. For the first multigraph we see that the weights 
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at the point of index 2 are 1 and — 1. Indeed, since the action is effective, if this 
were not the case we would necessarily have the second multigraph. Moreover, by 
Corollary |2.2| applied to \i = 1, it is easy to see that the weights at the minimum 
must be 1 and 2, and that the ones at the maximum are —1 and —2. Thus this set 
of weights can also be obtained with the second multigraph. 

Therefore we can run Algorithm[2]jB), obtaining the set of weights in Figure 8.2 



************************************************************************** 



All Possible Isotropy Weights for Multigraph XX2: 
There are at most 1 solutions: 

{{b[l}, b[2]}, {-b[l], -b[l] + b[2]}, {b[l] -b[2], -b[2] 



Figure 8.2. Possible weights in dimension 4 



This is the same multiset of isotropy weights as in the standard S 1 -action on CP 2 
described in Example 6.11 with b[i] = £o 



6 



1,2. Hence, by Theorem 6.2 



the (equivariant) cohomology ring and Chern classes of the manifold arc the same 
as the one of CP 2 (with this S^-action). Note that this result agrees with the one 
obtained by Karshon's classification for 4-dimensional S^-Hamiltonian manifolds 
[H Section 6.3]. 



8.2. Dimension 6. Let (M,cj) be a six dimensional compact symplectic manifold 
with an £ -Harniltonian action and fixed points Pq, . . . , P3, with A(Pj) = i. Running 
Algorithms [ijB) and [2jB) for the 7 non-negative multigraphs in Figure 8.3 we 
obtain that all of them may, in principle, admit possible solutions. However, as we 
will see next, all the solutions can be obtained by considering only the multigraphs 
with no cycles #3 and #7 from Cases 3. and 7. below. Note that Tolman in 
[Tlj also rules out the existence of multigraphs with cycles so we could have run 
our algorithm only for positive multigraphs. We opted to consider all non- negative 
multigraphs in order to show that our methods also rule out the existence of weights 
specific to multigraphs with cycles. 

Case 1: For the multigraph in Case 1 of Figure [873] the weights given by our 
algorithm are the ones in Figure [8T4] Using the ABBV Localization formula, with 
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Case I: Multigraph #1 Case II: Multigraph #2 Case III: Multigraph #3 







Case IV: Multigraph #4 Case V: Multigraph #5 Case VI: Multigraph #6 Case VII: Multigraph #7 



Figure 8.3. Dimension 6 



/i = 1 and /i = cf and this set of weights, we obtain 



3 



i=0 



n 



+ 



b[2] 2 b[3] b[3]b[4 



and 




b[2] 2 b[4] 



Then, using the fact that 



.S 1 



(Pi 



-S 1 



(Po) 



Ar 



6 - b[3] 



b[2] 2 -b[4] 2 
b[2] 2 b[3]b[4p 



b[2] 2 +b[4]- 
b[2] 2 b[4] 2 



must be a divisor of 24 no larger that 4, we conclude that b[3] = 2,3,4 or 5. If 
b[3] = 2, the resulting multiset of weights is a particular case of the one in Case 
7 II. Note that it is precisely the set of weights of the 5 1 -action on CP 3 described 
in Example 6.11 with £ — £i = 1, £o — £2 = 2 and £ ~ £3 = 3. If b[3] = 3, 



the resulting multiset of weights is a particular case of the one obtained in Case 
7 I. It is precisely the set of weights of the ^-action on Gr^(lR 5 ) described in 
Example 6.12 by taking £0 = 2 and £1 = 1. If b[3] = 4, the m ultise t of weights 
obtained is precisely (6.13) of the S^-action described in Example 6.14 for the Fano 
manifold V5. Finally, if b[3] = 5, the multiset of weights obtained is precisely (6.14) 
of the S^-action described in Example 6.14 for the Fano manifold V22- 
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All Possible Isotropy Weights for Multigraph Ul: 
There are at most 1 solutions: 

{{1, 2, 3], {-b[2], b[2], b{3]}, {-b{3], -b{4], b[4]}, {-3, -2, -1}} 

Figure 8.4. Possible weights for Case 1 

Case 2: For the multigraph in Case 2 of Figure [8~3| the weights given by our 
algorithm are the ones in Figure [8~5| Using the ABBV Localization formula, with 
/i = 1 and this set of weights, we obtain 

0= f 1 = J: ^ + 1 1 = b M - 1 

Ju 6b[l] 4b[l] 6(b[l]-2) 4(b[l]-2) 6b[l](b[l]-2)' 

and so b[l] = 1. Since, on the other hand, the weight b[l] — 2 at Pi must be 
positive, we conclude that this case is impossible. 



********** 



***************** 



******** 



All Possible Isotropy Weights for Multigraph XX2 : 
There are at most 1 solutions: 

{{2, 3, b{l]}, [1, 4, -b[l]}, [-3, -2, -2 + b[l]}, {-4, -1, 2-b[l]}} 

Figure 8.5. Possible weights for Case 2 



Case 3: For the multigraph in Case 3 of Figure |8.3| the weights given by our 



algorithm arc the ones in Figure 8.6 



All Possible Isotropy Weights for Multigraph U3 : 
There are at most 2 solutions: 

I. {{{1, 2, 3], {-1, 1, 5], [-5, -1, 1], {-3, -2, -1}}} 

II. {{2, 3, b[l]}, [1, 4, -bit]}, {-4, -1, 2-b[l]}, [-3, -2, -2 + b[l]}} 

Figure 8.6. Possible weights for Case 3 



I. The set of weights in Figure 8.6 I. is precisely the set of weights (6.14| of the 
^-action described in Example 6.14 for the Fano manifold V^- 



II. Using the ABBV Localization formula, with fi = 1 and the set of weights in 

l-b[l] 



Figure [876] II. we have 

1 1 



1 



1 



" /m 1 6b[l] 4b[l] ' 4(2 -b[l]) 6(2 -b[l]) 6b[l](2-b[l]) : 



and so b[l] = 1. Then this is precisely the set of weights ( 6.13| ) of the ^-action 
described in Example |6.14| for the Fano manifold V5. 



Case 4: For the multigraph in Case 4 of Figure |8.3| the weights given by our 
algorithm are the ones in Figure [877] Using the ABBV Localization formula, with 
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All Possible Isotropy Weights for Multigraph XX4 : 
There are at most 2 solutions: 

I. {{1, 2, 3], [-1, 1, 5], [-5, -b{2], b{2]}, {-3, -2, - 1} } 

II. {{1, 2, 3}, {-1, 1, 4], {-4, -b{2], b[2]} r {-3, -2, -1}} 



Figure 8.7. Possible weights for Case 4 



/i = 1 and this set of weights, we obtain that b[2] = 1 in both cases and so we get 
the same sets of weights as in Cases 3 I. and 3 II. respectively. 

Case 5: For the multigraph in Case 5 of Figure |8.3| the weights given by our 



algorithm are the ones in Figure 8.8 



All Possible Isotropy Weights for Multigraph U5: 
There are at most 2 solutions: 

I. {{1, 2, 3], {3, -b[2], b[2]}, {-3, -1, 1}, [-3, -2, - 1} } 

II. {{1, 2, b{2]}, {-l+b[2], -b[3], b[3]}, {-2, -1, -2 + b[2]}, {l-b[2], 2-b[2], -b[2]}} 



Figure 8.8. Possible weights for Case 5 



I. Using the ABBV Localization formula, with /z = 1 and the set of weights in 



Figure 8.8 I., we obtain that b[2] = 1. Then the multiset of weights is a particular 
example of Case 7 I. 

II. Using the ABBV Localization formula, with /i = 1 and the set of weights 



in Figure 8.8 II., we obtain that b[3] = 1. Then this set of weights is a particular 
example of Case 7 II. 



Case 6: For the multigraph in Case 6 of Figure 8.3 the weights given by our 



algorithm are the ones in Figure |8T9| Using the ABBV Localization formula, with 
/t = 1 and with \x = cf we obtain that b[2] = b[3] = 1 in both cases. 



All Possible Isotropy Weights for Multigraph U6 : 
There are at most 2 solutions: 

I. {{1, 2, 3], {2, -b[2], b[2]}, {-2, -b[3], b[3]} , {-3, -2, - 1} } 

II. {{1, 2, 3), {3, -b[2], b[2]}, {-3, -b[3], b[3]}, [-3, -2, - 1} } 



Figure 8.9. Possible weights for Case 6 



Then, 

I. the set of weights in Figure [8~9| I. is a particular example of Case 7 II. 

II. the set of weights in Figure [879] II. is a particular example of Case 7 I. 

Case 7: For the multigraph in Case 7 of Figure |8.3| the weights given by our 
algorithm are the ones in Figure [8. 10| 
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All Possible Isotropy Weights for Multigraph XXI : 
There are at most 2 solutions: 

rr b[i] b[2] . . b[i] b[2] . 

i. {{*[!], ^— + , b i 2 l\> {-*W' ~~^~ + ~~2~' b[2] \' 

, b[l] b[2] . , Jb[2] 

(*[•!] / — , -b[2]\, [-b[l], -— — , -*[*])] 

II. {{b[l], b[2], b[3]}, {-b[l], -b[l] +b[2], -b[l] + b[3]}, 

{b[l] -b[2], -b[2], -b[2] +b[3]}, [b[l] -b[3], b[2] -b[3], -b[3]}} 



Figure 8.10. Possible weights for Case 7 



I. The set of weights in Figure 8.10 I. is prec isely the set of weights of the 

^U+Mli an d 



5' 1 -action on Gr^~(IR 5 ) described in Example 6.12 by taking £o 



t - b[2]-b[l] 
SI - 2 ' 

II. The set of weights in Figure |8.10| II. i s precisely the set of weights of the 
S^-action on CP 3 described in Example |6 . 1 1 1 with b[i] — — £i, i — 1, 2, 3. 

8.3. Dimension 8. Running Algorithms [ijB) and [2|B) for the 75 non-negative 
multigraphs on an 8-dimensional manifold with 5 fixed points, we obtain that only 
the multigraphs in Figure [8 . 1 1 1 may, in principle, admit possible solutions. However, 
as we will see next they can all be easily ruled out except for multigraph^ 75 
considered in Case 4. below. 







Casel: Multigraph* 33 Case2: Multigraph* 66 Case3: Multigraph* 72 Case4: Multigraph* 75 



Figure 8.11. Dimension 



Case 1: For the multigraph in Case 1 of Figure [8. 11| the weights given by our 
algorithm are the ones in Figure 8.12 Note that this multigraph has two pairs of 



multiple edges: two edges from P to P4 and two edges from P to P2. 

I. For the set of weights in Figure |8.12| I. we see that the weights corresponding 
to the two edges from P to P2 are b[l] and 2b [1], and the ones corresponding to 
the two edges from P to _P 4 are b[2] and 2b [2]. Since the action is effective, we 



NEW TOOLS 



o3 



All Possible Isotropy Weights for Multigraph XX33: 
There are at most 4 solutions: 

I. {{b[l], 2b[l], b[2], 2b[2]}, {-b[l] +b{2], -b[l] + 2b{2], -b[3], b[3]}, 
{-2b{l], -b[l], -2b[l] +b[2], -2b[l] +2b[2]}, 

{b[l] -b[2], 2b[l] -b[2], -b[4], b[4}}, [b[l] -2b[2], 2b[l] -2b{2], -2b[2], -b[2}}} 

II. {{b[l}, 2b[l], b[2], 3b[2}}, [3b[l] -4b{2], b[2] , -b[3], b[3}}, 
{-2b{l\, -b[l], 3b[l] -5b[2], -3b[l] + 9b[2}}, 

l-3b[l] +4b[2], -3b[l] +Sb[2], -b[4] , b[4]} , [3b[l] -9b[2], -3b[2], -b[2], -b[2]}} 

III. {{b{l], b[l], 2b{2], 7b{2]}, {2b[l] - 9b[2], 3b[2], -b[3], b[3]}, 
{-b[l\, -b[l], 2b[l] -12b[2], -2b[l] +21b[2]}, 

{-2b[l] +9b[2], -2b[l] +12b[2], -b[4], b[4]}, 
{2b[l] -21b[2], -7b[2], -3b[2], -2b[2]}} 

IV. {{b[l}, b[l], 3b[2], 8b[2}}, {2b[l] - 11 b[2] , 2b[2], -b[3], b[3]}, 
{-b[l], -b[l], 2b[l] -13b[2], -2b[l] +24b[2]}, 

{-2b[l] +llb[2], -2b[l] +13b[2], -b[4], b[4]), 
{2b[l] - 24b[2], -8b[2], -3b[2], -2b[2]}} 



Figure 8.12. Possible isotropy weights for Case 1. 



have gcd{b[l],b[2]} = 1. Then, by Lemma 8.2 (2), we either have 
b[l] = l, or gcd{b[l],2b[2]} = b[l], 

and so 

b[l] = 1, or b[l] = 2. 
Similarly, using the two edges from Pq to P4, we conclude that 

b[2] = 1, or b[2] = 2. 

Since the weight b[2] — 2b [1] at Pi must be positive this is impossible. 

II. For the set of weights in Figure [8.12| II. we see that the weights corresponding 
to the two edges from P to P 2 are b[l] and 2b [1], and the ones corresponding to 
the two edges from Pq to P4 are b[2] and 3b [2]. Since the action is effective, we 
have gcd{b[l],b[2]} = 1. Moreover, by Lemma 8.2 (2), we either have 

b[l] = 1, or gcd{b[l],3b[2]} = b[l], 

and so 

b[l] = 1, or b[l] = 3. 

Similarly, using the two edges from Pq to P4 we conclude that we either have 

b[2] = 1, or b[2] = 2. 

Since the weights 3b [1] — 5b [2] and 9b [2] — 3b [1] at P2 must be positive this is 
impossible. 

III. For the set of weights in Figure [8. 12| III, we see that the weights correspond- 
ing to the two edges from Pq to Pi are both b[l], and the ones corresponding to 
the two edges from Pq to P4 are 2b [2] and 7b [2]. Since the action is effective, we 
have gcd{b[l],b[2]} = 1. Moreover, by Lemma 8.2 (2), we either have 

b[l] = l, or gcd{b[l],2b[2]} = b[l], or gcd{b[l], 7b[2]} = b[l], 

and so 

b[l] = 1, or b[l] = 2, or b[l] = 7. 
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Similarly, using the two edges from Pq to P4 we conclude that we must have 

b[2] = l, or gcd{2b[2],b[l]} = 2b[2], or gcd {7b [2], b[l]} = 7b [2]. 

and so the only possibility is b[2] = 1. Since the weight 2b [1] — 12b [2] at Pi must be 
positive the only possibility is b[l] = 7 and b[2] = 1. In this case the (connected) set 
of points fixed by Z7 would contain Pq and P4. However, if b[l] = 7 and b[2] = 1, 
the subgroup Z7 acts trivially on a 3-dimensional complex subspace of Tp M and 
on a 2-dimensional complex subspace at Pp 4 M (since the weights at P4 would be 
{—2, —3, —7, —7}), which is impossible. 

IV. For the set of weights in Figure 8.12 IV. we see that the weights correspond- 
ing to the two edges from Pq to P2 are both b[l], and the ones corresponding to 
the two edges from Pq to P4 are 3b [2] and 8b [2]. Since the action is effective, we 
have gcd{b[l], b[2]} = 1. Moreover, by Lemma 8.2 (2), we either have 

b[l] = 1, or gcd{b[l],3b[2]} = b[l], or gcd {b[l], 8b[2]} = b[l], 

and so 

b[l] G {1, 2, 3, 4, 8}. 
Similarly, using the two edges from Pq to P4 we conclude that we must have 
b[2] = 1, or gcd{3b[2],b[l]} = 3b[2], or gcd {8b [2], b[l]} = 8b [2], 

and so the only possibility is b[2] = 1. Since the weight 2b [1] — 13b [2] at P2 must be 
positive the only possibility is b[l] =8 and b[2] = 1. In this case the (connected) set 
of points fixed by Z§ would contain Pq and P4. However, if b[l] =8 and b[2] = 1, 
the subgroup Zs acts trivially on a 3-dimensional complex subspace of Tp M and 
on a 2-dimensional complex subspace at Tp 4 M (since the weights at P4 would be 
{—2, —3, —8, —8}), which is impossible. 
We conclude that Case 1. is impossible. 

Case 2. For the multigraph in Case 2 of Figure [8. 11| the weights given by our 
algorithm are the ones in Figure |8.13| First we see that there exist two pairs of 
multiple edges on this multigraph: two edges from Pq to Pi and two edges from Pi 
to P4. The weights corresponding to the first two edges are b[l] and 2b [1], while 
the ones corresponding to the last are b[2] — 2b[l] and 2(b[2] — 2b[l]). Since the 
action is effective, we see from the weights at Pq that we need gcd {b[l], b[2]} = 1. 
Moreover, by Lemma [8. 2| (2), we either have 

b[l] = l, or gcd{b[l],2(b[2]-2b[l])} = b[l], 

and so 

b[l] = 1, or b[l] = 2. 
Similarly, using the other two edges from Pi to P4, we have 

1 = 1, or gcd{Z,b[l]} = I, or gcd {I, 2b[l]} = I, 

with I = b[2] — 2b [1] and so, since 

gcd{Z,b[l]} = gcd{b[2] - 2b[l],b[l]} = gcd{b[2],b[l]} = 1 

and 

gcd {I, 2b [1]} = gcd {b[2] - 2b [1], 2b [1]} = gcd {b[2], 2b [1]} , 
we conclude that I = 1 or I — 2. Therefore, since gcd {b[l], b[2]} = 1, the only 
possibilities for b[l] and b[2] are 

(b[l],b[2]) = (l,3), (b[l],b[2]) = (l,4), and (b[l], b[2]) = (2, 5). 
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If (b[l],b[2]) = (2,5) we have a compact connected 6-dimensional isotropy sub- 
manifold fixed by Z 2 with an effective S 1 = S ,1 /Z 2 -Hamiltonian action, with only 
4 fixed points, (Po, Pi, P 2 and P4) and weights 

{l,2,3},{-b[3]/2,b[3]/2,2},{-l,-2,l},{-l,-2,-3}. 

Then, by the classification of Hamiltonian circle actions with a minimal number of 
fixed points on a 6-dimensional manifold, we have that b[3] = 2. Using the ABBV 
Localization formula on M with fi = 1, we obtain b[4] = 1 and then the resulting 
set of weights can be obtained from the positive multigraph of Case 4 in Figure [8TT] 
(multigraph # 75). 

If (b[l],b[2]) = (1,4), we get, by the same methods, the set of weights for the 
reversed circle action of the case (b[l],b[2]) = (2,5) described above and so it can 
again be obtained from the multigraph of Case 4. 

If (b[l],b[2]) = (1,3), we obtain the following multiset of weights: 

{{1, 2, 3, 4}, {2, 3, -b[3],b[3]}, {-2, -1, 1, 2}, {-2, -3, -b[4],b[4]}, {-4, -3, -2, -1}}. 
Using the ABBV Localization formula, with /i = 1, we have 

f A 1 11111 



m — m =1 <% 24 w 4 6b w 2 24 : 



and so b[3] = b[4] = 1. Consequently, this set of weights falls again into Case 4 
and can be obtained with multigraph jj= 75. 



All Possible Isotropy Weights for Multigraph U67: 
There are at most 1 solutions: 

{{b[l], 2b[l], b[2], -2b[l] + 2b[2]}, {-b[l] +b[2], -3b[l] +2b[2], -b[3], b{3]}, 
{-2b[l] , -b[l] , -2b[l] +b[2] , -4b[l] + 2b[2]} , {b[l] - b[2] , -b[2] , -b[4] , b[4]} , 
{2b[l] -2b[2], 3b[l] -2b[2], 4b[l] -2b[2], 2b[l] -b[2]}} 

Figure 8.13. Possible isotropy weights for Case 2. 
Case 3: For the multigraph in Case 3 of Figure [8. 11| the weights given by our 



algorithm are the ones in Figure 8.14 Note that this multigraph has a pair of 
multiple edges from Pq to P4. 



I. For the set of weights in Figure |8.14 I. we see that the weights corresponding 



to the two edges from Pq to P4 are b ^+ b l 2 l and 2( b ^^" b ^ ) and that the other two 



weights at Po are b[l] and b[2]. Then Lemma [8. 2| (2) implies that we must have 

gcd{£, b[l]} = £ or gcd{^, b[2]} = I, 
with I = b [ 1 ]+ b t 2 ] . Hence we must have 

b[l]=2b[2] and I = b[2], 

or 

b[2]=2b[l] and ^ = b[l]. 

Since the action is effective we conclude that, in the first case, we have b[2] = 1 and 
b[l] = 2, while, in the last, we have b[l] = 1 and b[2] = 2. However, both cases are 
impossible since the weights at Pi would not be integers. 
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II. For the set of weights in Figure [834] II. we see that the weights corresponding 
to the two edges from P to P4 are 9b [2] and 15b [2] and that the other two weights 
at Pq are b[l] and 4b [2]. Since the action is effective, we have gcd{b[l],b[2]} = 1. 
Moreover, by Lemma [8. 2| (2), we have 

gcd{3b[2],b[l]} = 3b[2], 

and so 

b[l] = 3 and b[2] = 1. 

In this case the (connected) set of points fixed by Z5 would contain Pq and P4. 
However, the subgroup Z5 acts trivially on a 1-dimensional complex subspace of 
Tp M and on a 3-dimensional complex subspace at Tp 4 M (since the weights at 
P4 and Pq would respectively be {—15, —20, —15, —9} and {3,4,9,15}), which is 
impossible. 

III. For the set of weights in Figure [8. 14| III, we see that the weights correspond- 
ing to the two edges from Pq to P4 are 2b [2] and 4b [2] and that the other two weights 
at Po are b[l] and b[2]. Since the action is effective, we have gcd {b[l], b[2]} = 1. 
Moreover, by Lemma [8. 2| (2), we have 

gcd{2b[2],b[l]} = 2b[2], 

and so 

b[l] = 2 and b[2] = 1. 

However, in this case the weight b[l] — 2b [2] at P3 would be which is impossible. 

IV. For the set of weights in Figure [8. 14| IV. we see that the weights correspond- 
ing to the two edges from P to P4 are b[2] and 3b [2] and that the other two weights 
at P are b[l] and 2b [2]. Since the action is effective, we have gcd {b[l], b[2]} = 1. 
If b[2] = 1, then the weights b[l] - b[2] and 2b [2] - b[l] respectively at P : and 
P2 cannot be simultaneously positive and so we conclude that b[2] > 1. Then, the 
(connected) set of points fixed by Z^roi is a 6-dimensional manifold with an effective 
S 1 = S ,1 /Z b r 2 ]-Hamiltonian action with 4 fixed points (all except P2) and weights 

{1, 2, 3}, {-b[3]/b[2], b[3]/b[2], 2}, {-b[4]/b[2], -2, b[4]/b[2]}, {-1, -2, -3}. 

Then, by the classification of Hamiltonian circle actions with a minimal number of 
fixed points on a 6-dimensional manifold, we have that b[3] — b[4] = b[2] and then 
the resulting set of weights can be obtained from the positive multigraph of Case 4 
(multigraph # 75). 

V. For the set of weights in Figure |8.14| V. we see that the weights corresponding 
to the two edges from Po to P4 are 2b [2] and 4b [2] and that the other two weights 
at Po are b[l] and 3b [2]. Then, just like in III., we have 

b[l] = 2 and b[2] = 1. 

However, in this case, the weight b[l] — 2b [2] at P2 would be which is impossible. 

VI. For the set of weights in Figure [8. 14| VI. we see that the weights correspond- 
ing to the two edges from P to P4 are 9b [2] and 15b [2] and that the other two 
weights at P are b[l] and 20b [2]. Then, just like in II., we have 

b[l] = 3 and b[2] = 1. 

However, in this case, the weight b[l] — 10b [2] at P x would be negative which is 
impossible. 
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All Possible Isotropy Weights for Multigraph XX72: 
There are at most 6 solutions: 

b[l] b[2] 2b[l] 2b[2] . t 5b[l] b[2] 3b[l] b[2] 

I. \ \b[l], + , + , b[2] \, , + , -b[3], b{3] 

LL 3 3 3 3 ' L 2 2 2 2 

, 5b[l] b[2] b{l] b{2] . 

\-b[l], + , + , -2b[l] + b[2]\, 

2 2 2 2 1 

{2b[l} -b[2], -b[2], -b[4], b[4]}, 

, 2b[l] 2b[2] 3b[l] b[2] b[l] b[2] b[l] b[2] 

^3 3 2 2 ' 2 2 ' 3 3 

II. {{b[l], 4b[2], 9b[2], 15b[2]}, {b[l] -2b[2], 20 b[2] , -b[3], b[3]}, 
{-b[l}, -b[l] +2b[2], -b[l] +8b[2], -b[l] +18b[2]}, 

{b[l] -8b{2\, -4b[2], -b[4], b[4]}, {b[l] -18b{2], -20b{2], -15b{2], -9b[2]}} 

III. {{b[l], b[2], 2b[2], 4b[2]}, {b[l] -b[2], 3b[2], -b[3], b[3]}, 
{-b[l], -b[l] +b[2], -b[l] +2b[2], -b[l] +4b[2]}, 

{b[l] -2b[2], -b[2], -b[4], b[4]}, [b[l] -4b{2\, -4b[2], -3b[2], -2b[2]}} 

IV. {{b[l], b[2], 2b[2], 3b[2]}, {b[l} -b[2], 2b[2], -b[3] , b[3}}, 
{-b[l], -b[l] *b[2], -b[l] + 2b[2], -b[l] + 3b[2]}, 

{b[l] -2b[2], -2b[2], -b[4], b[4}}, {b[l} -3b[2], -3b[2], -2b[2], -b[2]}} 

V. {{b[l], 2b[2], 3b[2], 4b[2}}, {b[l] -2b[2], b[2] , -b[3], b[3}}, 
{-b[l\, -b[l] + 2b[2], -b[l] +3b[2], -b[l] +4b[2]}, 

{b[l] -3b{2], -3b{2], -b[4], b[4]}, [b[l] -4b[2], -4b[2], -2b[2], -*[*]}} 

VI. {{b[l] , 9b[2], 15b[2] , 20b[2]}, {b[l] - 10b[2], 4b[2], -b[3], b[3]}, 
{-b[l], -b[l] +10b[2], -b[l] +16b[2], -b[l] +18b[2]}, 

{b[l] -16b[2], -20b{2], -b[4], b[4]}, {b[l] -18b[2], -15b[2], -Sb[2], -4b[2]}} 



Figure 8.14. Possible isotropy weights for Case 3. 



Case 4: For the multigraph i n Cas e 4 of Figure |8.11| the weights given by our 



algorithm are the ones in Figure 8.15 
action on CP 4 described in Example 



These are precisely the weights of the S 1 - 
6.fi] with b[i] =£ - % = 1,2,3,4. 



All Possible Isotropy Weights for Multigraph XX75: 
There are at most 1 solutions: 

{{b[l}, b[2], b[3], b[4}}, {-b[l], -b[l] + b[2], -b[l] + b[3], -b[l] + b[4]}, 
{b[l] -b[2], -b[2], -b[2] + b[3], -b[2] + b[4] }, 
[b[l] -b[3], b{2] -b[3], -b[3], -b{3] +b[4]}, 
{b[l] -b[4], b[2] -b[4], b[3] -b[4], -b[4]}} 



Figure 8.15. Possible isotropy weights for Case 4. 
Since all the possible isotropy weights obtained can be included in this last case 



and the basis for iJ^MjZ) described in Theorem 6.2 and the (equivariant) Chern 
classes only depend on the isotropy weights at the fixed points, we can summarize 
our results in the following theorem. 

Theorem 8.3. Let (M, u) be a compact symplectic manifold of dimension 8, with a 
Hamiltonian S 1 -action with 5 fixed points. If there exists a non-negative multigraph 
associated to the action, then the isotropy weights at the fixed points agree with the 
one of CP 4 for the standard S 1 -action. Moreover, the cohomology ring and Chern 
classes agree with the ones of CP 4 , i.e. 

H*(M;Z)=Z[y]/(y 5 ) and c = (1 + y) 5 , 
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where y has degree 2. 



Corollar y |1.4| in the introduction is then an easy consequence of Proposition 6.7 
Proposition 6.8 and Theorem |8.3| 

We can now prove Theorem |1.3| stated in the Introduction. 



Proof of Theorem 1.3 



By Lemma 7.4 it is not restrictive to assume that [ui] 
we know that C\ is either 1 or 5. 
(ii), (hi), (iv), (v): this is exactly the content of Theorem 8.3 
this follows from Theorem 7.11| 



y, 



and by Theorem 7.11 

« : 

(ii) (hi) and (ii) (iv) 

(v) =>■ (i): it follows easily from the definitions (see Example 6.11) 
(ii) =► (v) 
of M satisfies x 
choose u! 



this is directly implied by Theorem 7.2 
-i(M) 



Indeed, the Euler characteristic 
J M C4 = 5 (see (3.5)). Moreover, by Lemma 



7.4 



~4>®x to be primitive and positive, and, by Proposition |7.5[ the associated 
pre-quantization line bundle is quasi-ample and satisfies (7.9). Thus Theorem 7.2 
implies that the isotropy weights at the fixed points agree with the ones of CP 4 
with the standard S^-action. 



The remaining equivalences follow easily from the above ones. 



□ 
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